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Abstract

This paper investigates nonlinear behavior of coupled lasers. Composite-cavity-mode approach and a class-B
description of the active medium are used to describe nonlinearities associated with population dynamics and optical
coupling. The multimode equations are studied using bifurcation analysis to identify regions of stable locking, periodic
oscillations, and complicated dynamics in the parameter space of coupling-mirror transmission 7" and normalized cav-
ity-length mismatch dL/1. We further investigate the evolution of the key bifurcations with the linewidth enhancement
factor o. In particular, our analysis reveals the formation of a gap in the lockband that is gradually occupied by insta-
bilities. We also investigate effects of the cavity-length on chaotic dynamics.

© 2004 Elsevier B.V. All rights reserved.

PACS: 42.55Px; 42.60Da; 42.65Sf; 05.45+b

Keywords: Coupled lasers; Composite-cavity mode theory; Multimode lasers; Semiconductor lasers; Bifurcations

1. Introduction

Coupled-laser systems have been a subject of
intensive studies for four decades [1-3]. The pri-
mary interest was to investigate phase locking
[4-8] for applications such as high-power light
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emission and frequency stabilization. Also, cou-
pled-cavity (C*) semiconductor lasers were pro-
posed as candidates for high-speed applications
[9]. More recently, coupled lasers were recognized
for interesting nonlinear dynamics and chaos [10-
13] which are the focus of present investigations.
The majority of coupled-laser problems involve
semiconductor lasers [14-24]. These widely used la-
sers are particularly sensitive to external perturba-
tions due to a population-induced refractive-index
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effect that couples the amplitude and the phase
variations of the lasing field. As a result, coupled
semiconductor lasers show rich displays of nonlin-
ear dynamics that are not fully understood. While
problems such as high-power light emission
[25,26] and fast self pulsation [27,28] are still of
interest, new applications appeared which require,
instead of avoid erratic laser operation. Chaotic la-
ser dynamics are used for secure communication
[29] and for generating wave patterns in chaotic ra-
dars [30]. Moreover, coupled-laser effects lead to
problems of cross-talk between electro-optic ele-
ments integrated onto a chip. Hence, development
in the field of micro-optical circuits also requires
fundamental and detailed understanding of
dynamical complexities in coupled laser systems.
Studies of coupled lasers vary with respect to
models, analytical, and numerical techniques
[3,6,18,31-36]. On the one hand, multimode cou-
pled lasers are described with partial differential
equations [35,36], which is rigorous but does not
allow bifurcation analysis nor the covering of large
regions of parameter space. Simpler models as-
sume a spatio-temporal electric field that can be
factorized into space-dependent and time-depen-
dent parts [37]. This reduces the wave equation
to a set of ordinary differential equations for the
modal amplitudes, and Helmholtz equation for
the cavity modes. In coupled-laser problems, there
are two approaches to modal expansion. In an
individual-cavity theory [11-13,23], the coupling
between resonators is neglected in the calculation
of the cavity eigenmodes and each laser is de-
scribed by the modes of the individual cavity.
The electric field equation for each laser consists
of the free-running laser part plus phenomenolog-
ically added fields (in the form of driving forces)
from neighboring lasers. When lasers are coupled
at a distance, an appropriate time delay is intro-
duced in the coupling fields [16,19]. Such an ap-
proach has been widely applied to study
synchronization under weak coupling conditions
[16,38,39]. In an alternate approach, called the
composite-cavity theory, coupling between the res-
onators is included in the passive modes, which are
eigenmodes for the entire coupled-laser structure
[6,31,32]. Resulting equations describe the evolu-
tion of electric fields associated with composite-

cavity modes rather than with individual lasers.
In terms of electric field treatment for coupled-
laser problems, composite-cavity mode approach
fills the gap between rigorous but computationally
demanding models based on partial differential
equations and phenomenological models derived
from individual-cavity theory.

During the past years, considerable research has
been devoted to coupled lasers with instantaneous
[23,24,40,41] and at-a-distance [18-22] coupling.
While recent attempts provide new and valuable
insight, the overall dynamical picture remains far
from being well understood. In particular, there
have been few attempts at mapping coupled-laser
dynamics in the parameter space of coupling
strength versus detuning [6,12,13,23,24]. To help
fill the gap, the goal of this paper is to provide a
global understanding of coupled-cavity laser
dynamics. By global we mean evolution of the en-
tire dynamical picture encompassing (i) stationary
points, (ii) periodic orbits, (iii) quasiperiodic oscil-
lations, (iv) chaos, and (v) multistability, over an
extensive range of key parameters. Of particular
interest are the mutual connections between differ-
ent types of dynamics, which can be understood
via organizing centers. These higher-codimension
bifurcation points are sources for various nonlin-
ear phenomena. To perform our investigation,
we use numerical tools from bifurcation theory
on different dynamical regions in the plane of cou-
pling strength versus cavity-length mismatch, for
different values of the linewidth enhancement fac-
tor o and photon-to-population decay ratio. We
consider the simple configuration of two end-
to-end positioned lasers coupled with a common
mirror of transmission 7" (Fig. 1). We choose a
composite-cavity mode approach that has three
benefits crucial to achieving our goal. First, the
model is valid for arbitrary coupling-mirror trans-
mission T € (0,1). Second, it captures the nonlin-
ear dependence of the composite-cavity modes on
T and the cavity-length mismatch dL. Third and
most important, it allows straightforward bifurca-
tion analysis using numerical bifurcation continu-
ation techniques [43]. This 1is because the
resulting multimode equations are ordinary differ-
ential equations for the fields of the lasing modes
and population densities, that are coupled to the
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Fig. 1. (Top) Two lasers coupled with a common mirror of
transmission T. (Bottom) A pair of passive composite-cavity
modes for dL > 0.

Helmholtz equation for the passive composite-
cavity modes [24].

Our previous work on the composite-cavity
mode description for coupled lasers dealt with
locking of class-A lasers, and with changes in
the locking—unlocking mechanism under transi-
tion from class-A to class-B lasers [6,24,41]. We
found that class-B lasers with significant refrac-
tive-index effects, e.g. semiconductor lasers, exhi-
bit chaotic dynamics that interrupts the
lockband in the plane of optical coupling strength
versus cavity-length mismatch [24]. This paper
presents a more detailed study of class-B lasers.
(1) We expanded the parametric study by investi-
gating dependences of the lockband on the line-
width enhancement factor «, and the ratio
between the photon and population decay rates.
In particular, we explained why a bistable and
uninterrupted lockband at o =0 unfolds and
develops a gap with increasing «. Also, we found
that coupled lasers become more unstable at higher
ratio between the photon and population decay
rates. (ii)) We performed a detailed study of bifur-
cations of periodic orbits, specifically their origins
and mutual connections. We showed how the gap
in the lockband is gradually occupied by instabil-

ities and chaos with increasing o. (iii)) We ex-
panded on the counterintuitive effect of chaotic
oscillations in microcavities with vanishing cou-
pling strength [24]. In particular, we studied the
effects of cavity length to show that chaos at ul-
tra-weakly coupled microcavities is a mutation
of chaos found for moderately coupled longer
lasers.

Section 2 presents the equations for the time evo-
lution of the slowly varying field amplitudes and
phases associated with composite-cavity modes,
and for population densities in both lasers. Also,
it lists the parameter settings. Section 3 discusses
nonlinearities imparted by the composite-cavity
model, Section 4 deals with the symmetry proper-
ties of two-composite-mode coupled-cavity lasers.
In Section 5 we present bifurcation diagrams and
find that a bistable and uninterrupted lockband
for the linewidth enhancement factor « = 0 unfolds
and develops a gap with increasing «. We describe
how instabilities of periodic orbits, leading to com-
plicated oscillations and chaos, fill this gap. We find
that coupled-cavity lasers become more unstable at
a higher photon-to-population decay ratio. Also,
we explain why the region of complicated dynamics
shifts in the direction of the origin in the (7,dL/2)
plane with decreasing cavity-length.

2. Composite-cavity model

In the framework of semiclassical laser theory,
the laser field for the coupled-laser structure from
Fig. 1 is expanded in terms of the passive compos-
ite-cavity modes u,(z) [31]

1 —i
8(zt) =5 Z [E.()e ™" u,(z) + c.c.]. (1)
The slowly varying electric field amplitude E,(¢),

and phase ,(7) associated with the nth compos-
ite-cavity mode evolve according to [41]

. I'e ¢
k, = —2En+c"”rzk:{z%[%8” +Cins”]

X Cos(lpkn) +nl IZC‘;;S”/4 + CfnsnB] Sin(lpkn) }Ek’
b

(2)
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'»bn =V, + (éﬁn(t)

v
=Q, - C,,,,sz: {nb [CiLdn" + CF 8n®] cos(yy,)
4 B . E;
[CkngA + CkngB] Sln(lpkn)} f’ (3)
where c is the speed of light, n, = /€, is the back-
ground refractive index assumed to be the same in
both cavities, I'z is the composite-cavity mode de-
cay rate, I' is the composite-cavity mode confine-
ment factor, @, is the passive composite-cavity
mode frequency, v, is the optical frequency, ¢,(7)
is the slowly varying phase of the nth composite-
mode, and Yy, =y, — ¥, is the phase difference

between the lasing composite-cavity modes.

If the active medium polarization decays much
faster than the population and photons (class-B
laser approximation), electric field equations are
coupled to the population density dynamics. The
equation of motion for each laser population is
[41]

Ny = Ay — IvN )
T g cos( By (4)

myn

c
ny

where 4, is the excitation rate and I'y is the pop-
ulation decay rate. We assume an active-medium
local-gain that is linear around the value Ny,

gA(B) = Zihr + é(NA(B) - Nthr)a

Table 1

where ¢ is the differential gain. When the two cav-
ities are uncoupled, the population density in indi-
vidual lasers will equilibrate at Ny,,. Expressions
for Ny, and gy, are given in Table 1. Furthermore,
we use the linewidth enhancement factor o to
quantify the population-induced local refractive-
index-change

c
Snd® — ,;aA(b")éNA(B).

Passive composite-cavity modes u,(z) are deter-
mined from the Helmholtz equation [6]
d’ )
a2 1 (2) = —tocoen(2)2un(z), (5)
where €,(z) is the position-dependent background
dielectric constant of the coupled-cavity structure

[6]. The solutions of Eq. (5) that satisfy appropri-
ate boundary conditions become [6]

u,(z) = A, sin[Qunp(z+ L)/c] for —L <z<0,
(6)
u,(z) = B, sin [Qn,(z— L —dL)/c] for0<z
< L+dL.
The field of a passive composite-cavity mode at the
end mirrors can be in-phase or m out-of-phase
(Fig. 1). Hence, composite modes are described

as symmetric (n=1s;) and antisymmetric (n = a;)
[6], respectively.

Definitions of dimensionless quantities and the local gain at threshold

Quantity

Physical context

= I/FN
N= (N - Nlhr)/Nthr
Nthr = Nts + anE/(zcré)

N

E=E/Ey

Ey = \/ZthFNNthr/(EOn%FE)
_(?k = .Qk/FN

Au) = Aus)/ At

Alhr = rNNlhr

y= FE/(2FN)

B=1+2cT'éN/(nyI g)
8thr = nbrb/(zcr)

dL/’

4= nyLI10°

Dimensionless time

Dimensionless population density deviation from Ny,
Population density at threshold in a free-running laser
Population density at transparency

Dimensionless electric field amplitude

Field of a free-running laser at twice threshold

Dimensionless passive composite-mode frequency
Dimensionless excitation rate in cavity A(B)
Threshold excitation rate in a free-running laser
Photon-to-population decay ratio

Dimensionless gain coefficient

Local gain at Ny,

Dimensionless cavity-length mismatch
Approximate wavelength of a free-running laser
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If an individual laser has j=1,..., N lasing
longitudinal modes, a double-cavity laser has
2N composite-cavity modes 7 = ay,sy, ..., dy,Sy
[6]. In the problem of a multimode coupled-
cavity laser, there are two types of spatial holes
(Fig. 1): (1) fine holes spaced half-wavelength A/2
apart that are burned by the standing wave, giv-
ing rise to a population grating as in a single-
cavity laser [42], and (ii)course holes that are
burned on the scale of the cavity length L be-
cause each composite-cavity mode has different
amplitudes in the different cavities. The overall
coupling between composite modes arises from
fine and course spatial hole burning, and from
spectral hole burning. While a population grat-
ing couples modes with different j, the course
holes are responsible for the locking of the
lasers. The general treatment that takes into ac-
count 2N composite modes, and population grat-
ing effects, is beyond the scope of the present
investigation. Here, we consider two single-mode
coupled lasers, e.g. microcavity or DFB lasers.
There are then 2 composite-cavity modes u,
and wu,, and population grating effects are
neglected.

The composite-cavity mode structure enters into
the equations of motion (2)—(4) via the modal inte-
grals C,, =C2 + C? . Using the orthogonality
relation

L+dL
[ dzey (2)u, (2)tn(2) = N Oy, (7)

L

with the normalization constant 4" = niL we get
[41]

Conm / dzu, (z)u,(z

sin[(k, — k,)npL]  sin[(k, + k,)noL]
iA An ( S P (P )
(8)
. p2 Ll
Cnm = ﬁ le/l,, (Z)Mm (Z)

1 sin[(k, — kn)np(L + dL)]

T ( (k — K)o
_sin[(k, + kn)np(L + dL)]

These integrals describe the overlap of the com-
posite-cavity modes with the active media. Also,
they provide information about the composite-
mode coupling which is due to two physical effects
[37]. One, associated with the composite-mode
structure and proportional to >, BC,mCmm,
the spatial hole burning. The other, associated with
the active medium dynamics, is population pulsa-
tion at the beat note frequency V,m- The latter is
proportional to >, _, B(C;m) and becomes signifi-
cant when I'y = \vm v, [41].

For convenience, we transform the equations of
motion into a dimensionless form. Using the
dimensionless quantities given in Table 1 we

rewrite (2)—(4) to arrive at our working equations
E, ==, + Cup Y {[Ch 0+ V)
3
+ Ch 1+ BN")] cos(,) — B|Clr'(1+ N)
+ o (1+8°) | sin(y,) } Ex. (10)

by =0+ Coy 3 { B[l (14 M)
5(1 +1§f3)] cos(iy,) + [cﬁ (1+pNY

£ +ﬁfv3>} sin(sv,m)}%, (1)

n

Z e (1 4+ g1

x cos(,, ) EmEn, (12)

Ny = Aup) —

with two types of parameters. The coupling param-
eters namely, the coupling-mirror transmission 7T
and the cavity-length mismatch dL, appear implic-
itly through the modal integrals C%%). Also, they
determine the passive composite-cavity-mode fre-
quencies Q,. The number of laser parameters char-
acterizing active media, external excitation, and
decay of photons, has been reduced to six effective
parameters. These are the linewidth enhancement
factors «®, dimensionless gain coefficient f,
dimensionless excitation rates ZA(B), and the ratio
between the photon and population decay rates y.
To describe quantum-well semiconductor la-
sers, such as distributed feedback lasers, we chose
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the material parameters to be n,=3.4,
¢=25%x107* m? I'=0.1, and N =2.0x10**
m~> [44, p. 96]. The lasers are biased at twice
threshold A, = 2. The linewidth enhancement
factors are assumed to be identical in both lasers,
and we consider o ranging from o« =0 to o = 3.
Furthermore, we use two combinations of the pho-
ton and population decay rates I'y=10"" s7!,
I'y=5%x10" s and I'r=2x10" s7!, 'y =10°
s, to study effects of different y = I' /(21 y). For
most of the calculations we assume L =280 pm.
In Section 5.4 L is decreased to 2.8 um.

3. Model nonlinearities

In this section we describe the two sources of
nonlinearities in the composite-cavity model: the
active medium dynamics and the optical coupling
between resonators. In our approach, the laser
problem is separated in active and passive parts
[Eq. (1)]. As a consequence of this approximation,
active medium nonlinearities are treated through
the electric field and population equations of mo-
tion, and the coupled resonator nonlinearities are
treated through Helmholtz equation and associ-
ated boundary conditions.

Population dynamics, when coupled to electric
field variations, bring in an extra degree of free-
dom, so that a single-mode class-B laser becomes
a nonlinear oscillator. Away from threshold, it
exhibits damped periodic oscillation at the charac-
teristic (relaxation oscillation) frequency

WR zifé(A—Athr):FN\/Zvﬁ(;l—l)- (13)

A strong enough driving force, e.g. pump modula-
tion or externally injected light detuned at a fre-
quency near wg, is known to undamp relaxation
oscillation and possibly induce instabilities and
chaos. In a multimode laser, more nonlinearities
appear due to the mode interaction via the active
medium. As a consequence of this interaction,
population is modulated at the beat note fre-
quency Y, as represented by the off-diagonal
(n # m) terms in Eqgs. (4) and (12). This population
pulsation interacts with mode # to produce oscilla-

Fig. 2. Effective coupling between lasers C.y= A4./B, as a
function of the coupling parameters 7 and dL/A.

tion at the frequency of mode m. A result is an
additional cross-saturation of mode m, being a
part of spectral hole burning.

Nonlinearities due to the optical coupling be-
tween resonators manifest under variation of the
coupling parameters 7 and dL. Let us define the
effective coupling between lasers as the ratio of
the amplitudes of a single composite-cavity mode
in the two cavities, i.e. Ceg= A,/B, = —BJA,,
where Cey€(0,1). While T describes properties
of the coupling mirror in free space, the effective
coupling describes how changes in the field in
one cavity influence the field in the other cavity.
To examine nonlinearities in the effective coupling,
we plot in Fig. 2 C. as a function of 7 and d.L/A.
The discussion is for dL > 0. For dL < 0 we simply
interchange ‘symmetric’ and ‘antisymmetric’.
When 4,/B, ~ 0, the two composite-cavity modes
are basically the modes of individual lasers. The
symmetric mode resides primarily in laser 4 and
the antisymmetric mode resides primarily in laser
B. For equally long cavities, the cavity resonance
results in maximum effective coupling, A4,/B, =1,
regardless of the coupling-mirror transmission 7.
The lower the value of T, the sharper is the de-
crease in the effective coupling as a function of
dL. Eventually, in the limit 7— 0 the effective
coupling becomes singular at dZ = 0. These depen-
dencies do not change with L as long as L > /.
Note that comparable amplitudes A4, ~ A; and
|Ba| ~ |Bs| mark the parameter settings where the
composite-cavity modes are strongly coupled due
to spatial hole burning.
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Fig. 3. (a) Passive composite-cavity mode frequencies and (b)
composite-cavity mode detuning as a function of the coupling
parameters 7" and dL/A. Q is a passive-mode frequency of a
single resonator of length L.

Nonlinearities of the passive composite-mode
frequencies, and their detuning, are shown in
Fig. 3. Frequencies of isolated resonators (7 = 0)
are determined by the resonances of separate reso-
nators [Fig. 3(a)] such that for dL ~ 1 and 1 < L
we have (Qs — Q,) = Q,, dL/L [Fig. 3(b)]. With no
coupling mirror (7=1) the composite-cavity
modes become the modes of a single cavity of
length 2L + dL. They differ by half of the wave-
length and (24 — Q,) = nc/(2Lny,). For 0< T <1,
the passive composite-cavity mode frequencies,
and their detuning, are nonlinear functions of T
and dL.

The interplay between nonlinearities due to the
active medium dynamics and those associated with
the optical coupling manifests, under appropriate
conditions, in rich dynamical behavior described
in Section 5.

4. Symmetry properties

In this section, we discuss symmetries in the
presence of two composite-cavity modes
n(m) = a,s. Because each composite mode has dif-
ferent spatial overlap with the active media there
is no perfect symmetry in the system of coupled-
cavity lasers. However, for long (compared to the
wavelength) cavities this difference is small enough
so that the system appears to have some symme-
tries. If L>> A (this works well already when
L~104), we have that C! ~C? = and
Cc! ~—C® for n#m. Furthermore, if L> /.
and dL ~ / we have that (C ,dL) — (C%, —dL).

One consequence of the above relations is the
reflection symmetry (Y, N, NZ a4 0% A 4, A dL)
— Wy £ TN N 0B 0!, A, A 4,—dL). Hence, the
bifurcation diagram in the (7,dL) plane can be
symmetric with respect to the change dL — —dL,
provided that both lasers are equally excited
(A4 = Ap) and experience the same refractive-in-
dex-effect (2! = o®).

Another consequence is the symmetry in sta-
tionary points of (steady state solutions to) in the
{E., Es, Vas, Na, Np} phase space. Under the
assumption of equally biased lasers, equal losses
for both composite-modes, and no refractive-
index-effect (o =of = 0), we notice that if
{EE*° NO,NY} is a stationary point, then
{EQEL WS +mNYNS} is a stationary point too.
Each of the two points may sometimes be associ-
ated with lasing at a single composite-cavity mode.
Whether both of them are stable at the same time
depends on the competition between the compos-
ite-cavity modes. Strong competition results in
bistability between these two stationary points
[37].

5. Bifurcations and resulting dynamics

In the coupled-cavity laser, dynamics arise from
the interaction of active media with the composite-
mode beat note, from frequency locking of the
composite-cavity modes, and from competition be-
tween the composite-cavity modes. Instabilities ap-
pear when two conditions are satisfied
simultaneously. (i) The intermode frequency has
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to be near the relaxation oscillation frequency
|V, — V| ~ wr providing strong coupling of the
lasing field and active media. (ii) A strong coupling
between the lasing modes has to be present. The
latter arises from spatial hole burning due to sig-
nificant spatial overlap of the composite-cavity
modes, and from population pulsation [37]. Solu-
tions to the set of Egs. (5) and (10)—(12) can be
very complicated, even chaotic. While physical
intuition is important to identify the underlying
nonlinearities, it does not always provide a satis-
factory explanation for the resulting dynamics.
In such situations, bifurcation analysis is the tool
of choice.

In this section, we present the results as bifurca-
tion diagrams in the (7,dL/4) plane. Furthermore,
we study the dependence of the dynamics on 7 and
dL/J for different but fixed values of o, and for dif-
ferent but fixed values of y = I'g/2I' . As T or dL/2
are changed continuously, qualitative changes
called bifurcations [45] appear in the phase por-
traits of Egs. (10)—(12). Once detected, bifurca-
tions of stable objects (called supercritical) as
well as bifurcations of unstable objects (called sub-
critical and needed for consistent dynamical pic-
ture as they sometimes produce stable states) can
be continued in two parameters [43]. As a result,
the (T,dL/%) plane is divided by bifurcation curves
into regions of different dynamics, forming a bifur-
cation diagram.

Our analysis starts with bifurcations of station-
ary points. Next, we identify organizing centers
giving rise to bifurcations of periodic orbits. Then,
bifurcations of periodic orbits are studied to un-
cover regions of complicated dynamics and chaos.
All bifurcation curves are obtained using Egs.
(10)—(12) for a pair of composite-cavity modes,
called symmetric (n=s) and antisymmetric
(n = a). The composite modes are determined from
Eq. (5) and appropriate boundary conditions [6].

5.1. Lockband

A lockband is the region in the (7,dL/A) param-
eter space where both lasers emit light of constant
intensities and the same frequency. This can be
achieved in two ways: through phase locking of
the composite-cavity modes or when both lasers

operate at a single composite-cavity mode. A sta-
ble stationary point in the {E,,EW.,,N4,Np}
phase space corresponds to locking. A stationary
point may collide with another stationary point
to disappear in saddle-node bifurcation. Also, it
may change stability while giving rise to a periodic
orbit in Hopf bifurcation. In Fig. 4, we plot sad-
dle-node bifurcation curves S in blue and Hopf
bifurcation curves H in red. Furthermore, for
bifurcations of stationary points we distinguish be-
tween their supercritical (solid curves in darker
tone) and subcritical (dashed curves in lighter
tone) parts. When o = 0 the lockband, that is the
region in the (7,dL/A) plane where both lasers
operate at the same frequency, is bounded by
supercritical parts of S and H.

Let us first focus on Fig. 4(a) for «=0,
Ig=10" sV and I'y=5x10° s~ ! (y=10). The
two composite-cavity modes are in strong compe-
tition causing bistability inside the lockband. Sad-
dle-node and Hopf bifurcations associated with
both stationary points are tangent at 7 = 0.027,
at four locations, where they change from super-
critical to subcritical [Fig. 4(a)]. The tangency
points G are the codimension-two saddle-node-
Hopf points [45, Section 8.5]. Starting inside the
lockband and increasing |dL/4|, the locking is lost
either via saddle-node bifurcation (7°< 0.027) or
via Hopf bifurcation (7> 0.027). Although there
are two different bifurcations responsible for the
locking—unlocking transition, one can distinguish
three different locking—unlocking mechanisms.

For 7' < 0.027 each of the two bifurcating stable
stationary points has contributions from both
composite modes [top panel of Fig. 4(a)]. Inside
the lockband, , =0 and the composite modes
are phase locked. Here, frequency separation of
composite-cavity modes is small, and the lock-
ing—unlocking transition is due to phase locking
of the two composite modes. In the {E,, E, Vs,
N4, Np} space, this is represented by two saddle-
node-of-stationary-point bifurcations taking place
on a single periodic orbit. Such a scenario was rec-
ognized in [41] as typical for weakly coupled class-
B lasers.

For T = 0.15, each of the two bifurcating sta-
ble stationary points has a large contribution from
one composite mode, and a vanishing contribution
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Fig. 4. Bifurcations of stationary points shown as (top) a three-dimensional bifurcation diagram in the (T,dL/i,Eﬁ(S)) space and
(bottom) a projection onto the (7,dL/1) parameter plane. Supercritical parts of saddle-node bifurcation S (blue) and Hopf bifurcation
curve H (red) bound the lockband and are plotted as solid curves, subcritical parts of S and H are plotted as dashed curves. S and H are
tangent and change from supercritical to subcritical at codimension-two saddle-node-Hopf points G. The linewidth enhancement
factor =0, L =280 pm, (a) (I'g,l'x) = (10" s71, 5% 10° s71), and (b) (M. l'y) = 2x 10 571, 107 7).

from the other composite mode. Inside the lock-
band, each of the two points correspond to lasing
at a single composite-cavity mode [top panel of
Fig. 4(a)]. Here, because of a large separation of
the composite-mode frequencies, their phases are
not important in the locking—unlocking transition.
Locking arises from strong competition, due to
cross-saturation, between the two composite
modes. Unlocked operation is represented by a
single (no bistability) stable periodic orbit [24]
and involves both composite modes. The intensity
of each mode slowly oscillates at the beat note fre-
quency Y, due to population pulsation, and no
instabilities appear with increasing |dL/A|. Such a

scenario is typical for class-A lasers and involves
saddle-node-of-periodic-orbit bifurcation [41]; see
also Figs. 6(a) and 8(a) ahead.

The most interesting region lies in between the
two, near G points, where neither the frequency
locking description nor the competing mode
description is valid. This is where the beatnote fre-
quency Y, comes close to the relaxation oscilla-
tion frequency. For 0.027<7T < 0.1, starting
within the lockband, locking is lost via undamping
of the relaxation oscillation. The two stable sta-
tionary points turn unstable and each of them
gives rise to one stable periodic orbit. Outside
the lockband and near G, these two periodic orbits
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(bistability in unlocked operation) encounter insta-
bilities leading to complicated dynamics and chaos
[46]. Tt is interesting to note that, as T increases,
the transition between the first and the second
locking mechanism is clear cut, indicated by G.
On the other hand, the transition between the sec-
ond and the third locking mechanism happens
continuously and involves saddle-node-of-
periodic-orbit bifurcation.

As a consequence of symmetry and strong com-
posite-mode competition, there can be bistability
between the stable stationary points. Bifurcations
associated with different stationary points may
fully overlap as can be seen from the projection
of the bifurcation diagram onto the (7,dL//) plane
in the bottom panel of Fig. 4(a). Henceforth, we
use the term degenerate to describe two overlap-
ping bifurcations that appear as a single curve or
point in the (7,dL/A) plane. How can this degener-
acy be removed?

5.1.1. Effect of y

One straightforward way is to decrease compe-
tition between composite modes via decreasing
population pulsation contribution to cross-satura-
tion. To this end we decrease I'y to 10° s~!; we also
increase I'z to 2x 10'" s7! to obtain y = 100. As
shown in Fig. 4(b) bifurcations associated with dif-
ferent stationary points no longer fully overlap
and a region of weak competition emerges for
0.65 < T <0.98. There, the symmetric mode
experiences negative effective gain and the anti-
symmetric mode inhibits its oscillations. Further-
more, the lockband gets narrower than for y = 10
[41]. A decrease in the relaxation oscillation fre-
quency causes the G points to shift towards the
origin of the (7,dL/%) plane. However, the degen-
eracy of G|, and G, remains.

5.1.2. Effect of o

While the majority of solid-state lasers and
most popular gas lasers, such as CO, lasers, usu-
ally have o ~ 0, typical semiconductor lasers are
characterized by « varying from 1 to 4 [44]. To
explore dynamics of different types of lasers
and to understand how qualitative differences
in the behavior of different lasers come about,
we focus our attention on evolution of the lock-

band with increasing o. The two lockbands in
Fig. 5, associated with the two stable stationary
points, are distinguished with left-inclined and
right-inclined patterns, respectively. Let us recall
that bifurcation theory predicts four different
types of a saddle-node-Hopf point, and all four
G points from Fig. 5(a) are of type IV according
to notation from [45].

Increasing o above zero unfolds the otherwise
degenerate bifurcation diagram [Fig. 5(a)] so that
for nonzero « neither bifurcation curves nor
G and G377 fully overlap [Fig. 5(b)]. One lock-
band, associated with G| and G|, expands along
the dL// axis and moves in the direction of lower
values of 7. The other lockband, associated with
G, and G,, moves together with G5 and G, in
the direction of higher values of 7. Furthermore,
lockband associated with G and G is no longer
bounded by the entirely supercritical Hopf bifurca-
tion curve. Codimension-two generalized-Hopf
bifurcation points H, appear where the Hopf
curve changes from supercritical to subcritical.
Throughout the range of o under consideration,
the type of G, and G, remains unchanged. On
the other hand, G| and G, change from type IV
to type III (according to notation from [45]) at
o =0.5. The bifurcation diagram in Fig. 5(c)
shows that H curve has a cusp at G| and G| which
makes this a very special point — bifurcation of
codimension at least three. During the change in
the type of G/ and G|, the two branches of H,
one supercritical and the other subcritical, con-
necting at GTH flip. This has important conse-
quences to where the chaotic dynamics associated
with GT(_) appear; see the next section for explana-
tion. Increasing « further, results in less overlap
between the two lockbands to the point where they
no longer coalesce [Fig. 5(d)]. At o« =1 the two
lockbands are well separated and a gap appears
where couple-cavity lasers never lock. This gap in-
creases with further increase of o [Fig. 5(e)] so that
for o =3 there are two distinct lockbands [Fig.
5(f)]. One at low coupling-mirror transmissions
0 < T<0.01 and the other at relatively high cou-
pling-mirror transmissions 0.45<7<1. Also,
generalized Hopf points H, are gone and both
lockbands are again bounded by the entirely
supercritical parts of S and H.
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The changes in the lockband due to o can be
understood intuitively. In a free-running laser,
population density equilibrates at Ng,. When
two lasers of different length and « =0 are cou-
pled, there are two possibilities for stable station-
ary points (locking). One, the lockband
associated with GTH, where population equili-
brates below (above) Ny, in the shorter (longer)
cavity. And the other, the lockband associated
with G;H, where population equilibrates below
(above) Ny, in the longer (shorter) cavity. If
o = 0 the lasing frequency of each laser is affected
by the field of the other laser but not by different
population levels due to the coupling. However,
when « increases from zero, the lasing frequencies
in the cavities shift accordingly to the population
levels and the lockbands change. The lockband
associated with G;H moves in the direction of
higher T because the lasing frequencies in the
two cavities shift apart so that higher coupling is
required to achieve locking. The lockband associ-
ated with GTH expands in the direction of dL/A
because the lasing frequencies in the two cavities
shift towards each other so that locking can be
achieved for lower coupling. Furthermore, this
lockband disappears from the region of high 7.
In terms of the composite-cavity modes, the line-
width enhancement factor appears to decrease
composite-mode competition so that bistability is
no longer possible.

5.2. Bifurcations of periodic orbits

The next question concerns dynamics for
parameter settings within the gap between the
two lockbands. In a coupled-cavity laser, periodic
orbits emerge along Hopf bifurcation curves H,
along curves S of global saddle-node bifurcation
(homoclinic bifurcation to a nonhyperbolic equi-
librium [45]), and along homoclinic bifurcation
curves h. In homoclinic bifurcation (plotted in
dotted black) the period of the bifurcating orbit
goes to infinity as the orbit hits the saddle station-
ary point. Furthermore, periodic orbits encounter
instabilities as the parameters are varied. In period
doubling bifurcation PD (plotted in green) period-
one orbit gives rise to period-two orbit of twice
the period of period-one orbit. In torus (Nei-

mark—Sacker) bifurcation T (plotted in solid
black), extra frequency appears in the system as
the periodic orbit changes stability and gives rise
to a 2-torus (two-dimensional torus). In saddle-
node-of-periodic-orbit bifurcation SL (plotted in
brown) two periodic orbits merge and disappear.

Bifurcation theory provides the rules on where
and how different bifurcations of periodic orbits
are associated with bifurcations of stationary
points and with themselves [45]. Therefore, they
do not have to be blindly searched for. The key
points in a two-dimensional bifurcation diagram
are codimension-two points where two or more
bifurcation curves merge. Some of these points,
also called organizing centers for the dynamics, of-
ten require existence of additional bifurcation
curves that can be found near them. We already
identified two types of codimension-two bifurca-
tions namely, saddle-node-Hopf points G and gen-
eralized Hopf points H,. Both are sources of
bifurcations of periodic orbits and hence, the start-
ing point for the further analysis.

Since the bifurcation diagram in the (7,dL/1)
plane depends strongly on o as well as on the
photon-to-population decay ratio y, we present
series of bifurcation diagrams with varying o for
the two settings of y =10 and 100. Note that
for bifurcations of periodic orbits we do not dis-
tinguish between supercritical and subcritical
parts.

5.2.1. Small photon-to-population decay ratio y = 10

In Fig. 6, we show bifurcations of stationary
points and periodic orbits for I'y=10'"" s7' and
I'ny=5x10°s"". As expected from general theory
[45], there is a torus bifurcation curve 7 emerging
from each G point [Fig. 6(a)]. Only two of four T
curves are visible due to the degeneracy. These
torus curves correspond to competition between
the relaxation oscillation frequency and the inter-
mode frequency. They are associated with reso-
nance tongue structure (not shown here) and
denote the onset of either quasiperiodic (parameter
settings between the tongues) or periodic (parame-
ter settings within a resonance tongue) oscillations
when the solid black T curves are crossed from the
right to the left [47]. Also, they signal appearance
of chaos via break-up of 2-torus when the
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resonance tongues start to overlap. The T curves
terminate at so called 1:2 resonance points
[45, Section 9.5.3] where they connect to period-
doubling curves PD'. The PD' curves are the first
steps in the infinite period-doubling cascade to
chaos [48]. The secondary period-doubling curves
PD"” ' may be arranged in nested or unnested is-
lands of period-doublings [49]. In either case, per-
iod-doubling islands are associated with chaotic
dynamics. One of the period-doubling curves
from Fig. 6(a) does not form a closed loop but
terminates at two homoclinic-doubling bifurca-
tion points B' [50]. Furthermore, there is a non-
degenerate saddle-node-of-periodic-orbit curve
SL where one of the two stable periodic orbits,
born along the degenerate H curve, disappears.
The overall dynamical picture for « = 0 consist of
the bistable lockband and complicated, sometimes
chaotic, dynamics found outside of the lockband
and near G points.

When « is increased from zero [Fig. 6(b)], the
degeneracy unfolds and one clearly sees four torus
curves connecting to period-doubling curves at
four 1:2 resonance points. Interestingly, regions
of the complicated dynamics associated with
G;H start to overlap with the lockband associated
with GTH. There, depending on initial conditions,
coupled lasers may either be locked or exhibit
complicated oscillations. At the generalized Hopf
points H,, SL attaches to the supercritical
branches of H emerging from G, and G|, causing
the H curves to change from supercritical to sub-
critical. Stable periodic orbits born along these
supercritical branches of H disappear at SL.

Increasing o further results in no qualitative
changes to saddle-node-Hopf points G;’(_) nor
associated torus and period-doubling bifurcations.
As the gap between the two lockbands appears
[Fig. 6(c)—(f)], the G;H points move in the direc-
tion of higher values of 7. Concurrently, the two
torus curves 7 emerging from G, and G, are
dragged behind, causing the two attached period-
doubling cascades to shift into the gap between
the two lockbands. On the other hand, a number
of qualitative changes take place near GT(_). For
o < 0.5, bifurcations of periodic orbits emerging
from GTH evolve in the direction of increasing
|dL/2]. Near «=0.5, the type of G| and Gy

changes. The two branches of H, one supercritical
and the other subcritical, connecting at GTH flip
and so do the associated bifurcations of periodic
orbits. The details near G| are shown in Fig. 7.
Close to o = 0.5 a new SL curve appears that con-
nects to H at the two H, points, and has a cusp
near (7,dL/A)=(0.016,0.4125) [Fig. 7(b)]. The
torus curve T detaches from G| and attaches near
the cusp of this new SL curve at 1:1 resonance [45,
Section 9.5.2]. At « =1 [Fig. 7(c)] the extra SL
curve is gone. The torus curve T attaches again
to G/ but is flipped from above to below the S
curve [Fig. 7(c) and (d)]. As a consequence, start-
ing at o =1 [Fig. 6(d)], the two torus curves T
emerging from G, and G|, and the attached peri-
od-doubling curves PD', start filling the gap
between the two lockbands [Fig. 6(d)—(f)]. For
clarity, only parts of the PD' curves associated
with G| and Gy are plotted in Fig. 6(b)—(f).

5.2.2. Large photon-to-population decay ratio
y =100

In Fig. 8, we show bifurcations of stationary
points and periodic orbits for I'y=2x 10" s7!
and I'y=10" s~!. Increasing the ratio between
the composite-cavity mode I’z and the population
I'y decay rates makes coupled lasers more unsta-
ble. The lockband narrows. The system becomes
much more sensitive to «. New bifurcations appear
that lead to complicated dynamics not observed at
lower y.

The main difference between Fig. 8(a) and 6(a)
for « =0 is the absence of homoclinic-doubling
points B; and the appearance of 7S points. At
TS saddle-node-of-periodic-orbit curve SL is tan-
gent to torus curve 7. The complete bifurcation
structure near 7S points is not understood yet
and such points have not been studied in laser sys-
tems before.

The degenerate bifurcation diagram from Fig.
8(a) unfolds with increasing o [Fig. 8(b)] in a sim-
ilar fashion as for y = 10. The type of G;H re-
mains unchanged while the type of GTH
changes. The saddle-node-of-periodic-orbit curve
SL attaches to the H curve at two generalized
Hopf points H,. Bifurcations of periodic orbits
associated with GTH and G, ) fill the gap be-
tween the two lockbands. However, all these
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changes take place at much lower values of «. The
gap between the two lockbands a%)]))ears for o ~ 0.2
and the change in the type of G, '~/ takes place for
o =0.225 [Fig. 8(c)]. As a consequence, already for
o =0.5 a large gap between the two lockbands is
filled with complicated dynamics due to the torus
bifurcation curves 7 and the period-doubling
bifurcation curves PD' [Fig. 8(e)]. Also, regions
of complicated dynamics overlap less with the
lockband. Although the detailed bifurcation struc-
ture near GTH is now different (Fig. 9), it includes
TS points for example [Fig. 9(d)], the resulting ef-
fect of flipping bifurcations of periodic orbits

emerging from G;'”) into the gap between the
two lockbands is similar. In particular, the bifurca-
tion diagrams in Figs. 9(a) and 7(a) for a =0, as
well as these in Figs. 9(f) and 7(d) for o« =2, are
topologically equivalent.

The combined effect of «, I'r and I'y is clear
from the rescaled Eqs. (10) and (11). There, the
linewidth enhancement factor o appears in the
product

X .
FN Nthr
(14)

_ 1 T'iNy N
yﬁax(N+1)<§rE+C’fbt> o
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In coupled-cavity lasers, dynamical effects due to o
may be amplified or inhibited depending on the de-
cay rates I'g and I'y. It is interesting to note the
difference between bidirectionally coupled lasers
that are considered here and unidirectionally cou-
pled (optically injected) lasers. In a rate equation
model for an optically injected laser, the bifurca-
tion diagram depends on I' and I"y too. However,
the very special situation where the Hopf curve has
a cusp at the saddle-node-Hopf point G does not
depend on I'g nor I'y. It always takes place for
o=1[51].

Throughout the paper, interesting phenomena
appear for relatively low values of the optical cou-
pling T (Figs. 6-9). A question may arise whether
strong-coupling theory is really needed to under-
stand coupled-laser behavior. For short-cavity
lasers, several instabilities indeed appear at low 7.
However, some interesting changes take place at
higher 7'and their analysis requires strong-coupling
theory. For large « the instabilities associated with
G;H migrate as far as T~ 0.5 [Fig. 5(f)]. Further-
more, the lockband at high optical coupling still de-
pends on ¢, I'g, and I'y. Fig. 4 shows changes to the
lockband at high 7' with varying decay rates I'zand
I'y. Most interestingly, even the low-T results
found here cannot be reproduced with individual-
cavity theory where the light of one laser is directly
injected (with no changes to its phase) to the other
laser. Finally, for longer-cavity lasers most of the
interesting dynamics is expected at relatively high
T [41].

5.2.3. Physical consequences of bifurcations

Bifurcation diagrams from Figs. 5-9 include
information on regimes of stable and unstable cou-
pled-laser operation for the entire range of optical-
coupling strength, and different types of lasers.
While it is practically impossible to make bifurca-
tion diagram of a chaotic system, such as a com-
posite-cavity laser, mathematically complete, the
challenge is to find the key bifurcations that pro-
vide all the information interesting for a physicist.
In order to extract these information, complicated
looking bifurcation diagrams must be properly
read.

Inside the lockband, that is marked by the left
and right inclined patterns in Fig. 5, lasers are

locked. Locked operation shows as a single-fre-
quency peak in the spectra of both lasers. Outside
the patterned region, lasers operate at two com-
posite cavity modes and the output intensities
oscillate. Away from green period-doubling curves
and black torus bifurcation curves, the output
intensity typically oscillates at a single frequency.
This is represented by a periodic orbit of basic per-
iod. A laser spectrum in such region is discrete, it
includes the main-frequency peak and side peaks
detuned from the main-frequency by the frequency
of this intensity oscillation. When lasers are oper-
ated in the region bounded by period-doubling
curves or near torus bifurcation curves, the oscilla-
tion of the output intensity gets more complicated.
Consequently, additional peaks appear in the laser
spectra to the point where the spectrum becomes
continuous — a hallmark of chaotic oscillation.
Sometimes, T curves or PD curves overlap with
the lockband, indicating bi- or multi-stability be-
tween locking and complicated dynamics. There,
depending on the initial conditions, the laser settles
to one of the two (or more) possible states. To
illustrate intensity output at different regions of
the bifurcation diagram, we plot attractors and
the corresponding spectra of the intracavity elec-
tric fields for two different transitions across the
bifurcation diagram. More examples of laser bifur-
cation transitions can be found in [52,53].

In Fig. 10, we fix 7= 0.05, « = 0.5, y = 10, and
sweep dL/4 across the torus bifurcation curve T
and the lockband; compare with bifurcation dia-
grams in Figs. 5(c) and 6(c). For a large cavity-
length mismatch, there is one periodic orbit [Fig.
10(a)]. As dL// is decreased, we cross the subcriti-
cal Hopf bifurcation and enter the lockband. A
stable stationary point appears leading to bistabil-
ity with the periodic orbit [Fig. 10(b)]. For these
parameters, lasers can be either locked (point in
the phase portrait and gray spectra) or unlocked
(periodic orbit in the phase portrait and black
spectra). The next bifurcation is the torus bifurca-
tion T where the stable periodic orbit turns unsta-
ble and gives rise to torus [Fig. 10(c)]. Torus
bifurcation introduces a new frequency in the
intensity output. Spectra of quasiperiodic oscilla-
tion on a torus have contributions from the two
frequencies involved, and from their linear super-
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positions. Below 7, the torus breaks-up into cha-
otic attractor [Fig. 10(d)]. There, lasers exhibit
bistability between locking and chaos. The chaotic
attractor is subsequently destroyed in a homoclinic
tangency [not shown in Fig. 6(c)] that originates

from the nearby 1:2 resonance point. Then, the
stationary point is the only stable solution [Fig.
10(e)]. Note that the birth of torus, the break-up
into chaotic attractor, and disappearance of
the chaotic attractor, all take place inside the
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Fig. 11. (first column) Phase portraits and spectra of the intracavity electric field in lasers (second column) A and (third column) B for
a bifurcation transition at fixed 7= 0.07, « = 2, y = 10, and varying cavity-length mismatch dL/4. From (a) to (f) dL/A[1072] = 1.5, 1.3,
1.1, 1.05, 1.0, and 0.0. The reference frequency is the same as in Fig. 10. Compare with the bifurcation diagrams in Figs. 5(e) and 6(e).

Note the absence of locking.

lockband. When dL//A is further decreased, a new
periodic orbit appears [Fig. 10(f)] via saddle-
node-of-periodic-orbit bifurcation [not shown in
Fig. 6(c)]. This orbit is also involved in the global
saddle-node bifurcation (taking place at the solid
blue part of S). The corresponding spectra have
a large peak where locking will subsequently oc-
cur, and shoulders of lower peaks, which is charac-
teristic near phase locking. At S, two stationary
points, one of which is stable, are born on this
periodic orbit and we enter bistable lockband with

two stable stationary points. Each of the two pints
corresponds to a single frequency operation [Fig.
10(g)].

In Fig. 11, we fix T=0.07, « =2, y =10, and
sweep dL/. across the period-doubling cascade;
compare with the bifurcation diagrams in Figs.
5(e) and 6(e). A tiny periodic orbit at large dL/A
indicates that lasers operate close to being inde-
pendent of each other [Fig. 11(a)]. Upon decreas-
ing the cavity-length mismatch, period-doubling
bifurcation is encountered and the orbit of basic
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period gives rise to an orbit of twice the basic per-
iod [Fig. 11(b)]. As a consequence, additional
peaks appear in the spectra at half the beatnote.
This is the first step in an infinite period-doubling
cascade [Fig. 11(c) and (d)] that leads to a ‘small’
chaotic attractor with strong periodic components
[Fig. 11(e)]. As dL/A is further decreased, the
‘small’ chaotic attractor hits a saddle orbit within
its basin of attraction and expands significantly
[Fig. 11(f)]. This bifurcation transition shows the
appearance of complicated laser dynamics for the
coupling strength at which no locking is possible.

5.3. Organizing centers

The bifurcation diagram of a coupled-cavity la-
ser includes an enormous amount of bifurcations.
Since not all of them are equally important, we ex-
tracted the key bifurcation curves that form the
backbone of the coupled-cavity laser dynamics.
A number of organizing centers were found but
a detailed study of them is beyond the scope of this
work. Let us list these points and briefly discuss
the other interesting bifurcations to be expected
in their vicinity. The 1:1 and 1:2 resonances are
well understood [45]. The 1:1 resonance point gives
rise to a homoclinic tangency bifurcation curve
along which a chaotic attractor, due to the
break-up of a 2-torus, is destroyed. The simpler
of the two types of the 1:2 resonance involves a
heteroclinic tangency bifurcation curve where a
chaotic attractor, due to the break-up of a 2-torus,
is destroyed. Organizing centers associated with
period-doubling curves often come in cascades like
PD" curves. The other type of 1:2 resonance may
be associated with a 1:2 resonance cascade. Com-
plete unfolding for cascades of 1:2 resonances is
the topic of ongoing investigation. A partial
numerical unfolding was presented for an example
of an optically injected laser [49]. These numerical
studies revealed the existence of a homoclinic tan-
gency curve along which the chaotic attractor, due
to the period-doubling cascade, is destroyed. Cas-
cades of B, points have been recently studied in de-
tail (see [50] and references therein) to find their
scaling constants that are different from the
well-known Feigenbaum constant for the period-
doubling cascade itself. In particular, the saddle-

node-of-periodic-orbit curve is expected in the
vicinity of B, cascade. Another organizing center
associated with period-doubling bifurcation, so
called fold-flip bifurcation point, appears when a
PD curve becomes tangent to an SL curve [54].
A number of fold-flip points were found here.
They can be clearly seen in Fig. 8§ but we did not
mark them for clarity reasons. The most compli-
cated dynamics are to be found near saddle-
node-of-periodic-orbit-torus points 7S. Such
points have been studied only recently in an ab-
stract discrete map [55]. A resonance tongue struc-
ture associated with 2-torus born along 7, and
chaotic dynamics due to the break-up of this 2-
torus are expected. Another torus bifurcation
curve is expected where the 2-torus bifurcates into
a 3-torus. Also, there must be a resonance tongue
structure associated with the dynamics on this 3-
torus, as well as chaotic dynamics due to the
break-up of the 3-torus. 7S points should also be
found in the model of an optically injected laser
with modulated current.

5.4. Varying cavity-length

Dynamics of coupled-cavity lasers, in particu-
lar the positions of organizing centers Gt’{ and

101 E
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R : Gy
~= E
L L =28um
1074 £ ® +
F G
10~° vovond vl vl vowwl vl v
10-8 10-¢ 104 1072 10°
T

Fig. 12. With decreasing cavity-length L, codimension-two
saddle-node-Hopf points G, shift towards the origin of the
(T,dL/2) plane. So do the associated instabilities. For this figure
=2, Tg=10"s"" and I'y=5%x10"s"".
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associated instabilities, strongly depend on the
cavity length L. In the (7,dL/A) plane, instabilities
and chaos appear where there is strong composite-
mode coupling and the composite-mode beat note
approaches the relaxation oscillation frequency.
Starting at longer cavity length, two important
changes take place as L is decreased. First, the
composite-mode beat note can coincide with the
relaxation oscillation frequency at smaller 7 values
for given dL/A. Second, at these small T values,
strong composite-mode coupling occurs over a sig-
nificantly narrower range of dL/A (Fig. 2). These
changes lead to GT(_) and associated instabilities
shift with decreasing L towards the origin of the
(T,dL/2) plane (Fig. 12). Consequently, for micro-
cavities (L = 2.8 pm) chaos may appear at ultra-
small values of T ~ 10~ [24], where nonlinearities
associated with the resonator coupling are appre-
ciable (Fig. 2). This indicates a difference in the sig-
natures of dynamical behavior of long and short
coupled-cavity lasers.

The result is obtained by modeling the coupling
between lasers as a dielectric ‘bump’. It would be
interesting to see how the interplay between the
modal and gain nonlinearities, leading to chaotic
dynamics, manifests for a different coupling model.
One example would be to use a refractive index
function that takes different values in different sec-
tions of a composite-laser system, and has finite
discontinuities at the interfaces between different
sections.

6. Conclusions

The paper provides a global view of the dynam-
ics of coupled-cavity class-B lasers within the
framework of composite-cavity mode theory. We
explained, for different ratios between the photon
and population decay rates, how the overall
dynamical picture transforms with increasing line-
width enhancement factor «. In particular, an unin-
terrupted and degenerate (bistable) lockband at
o = 0 unfolds and develops a gap which is gradually
occupied with instabilities and chaos for o # 0. The
underlying mechanism is a change in the competi-
tion between composite-cavity modes causing a
change in the type of codimension-two saddle-

node-Hopf points. Furthermore, several other
codimension-two bifurcations, including strong
resonances and saddle-node-of-periodic-orbit-
torus bifurcation, are identified to be sources of
instabilities and chaos in coupled-cavity lasers.
We found that the complexity of the bifurcation
diagram due to the linewidth enhancement factor
o can be either enhanced or inhibited depending
on the ratio between the photon and population
decay rates. The dependence of the dynamics on
the cavity-length reveals effects due to nonlinear
optical coupling. With decreasing cavity-length
the conditions necessary for the complicated
dynamics to occur shift towards the origin of the
(T,dL/4) parameter space. Consequently, in micro-
cavity lasers chaotic oscillations appear for vanish-
ing optical coupling [24], where lasers are generally
expected to act independently. In this way our
work provides new insight into an overall under-
standing of coupled-laser behavior.
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