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Abstract

We investigate the route to locking in class B lasers subject to optically injected light for injection strengths and detunings
near a codimension-two saddle-node Hopf point. This is the parameter region where the Adler approximation is not valid
and where Yeung and Strogatz recently reported a self-similar cascade of periodic orbits in the case of a solid-state laser.
We explain this cascade as an accumulation of large regions bounded by saddle-node bifurcations of periodic orbits, but also
containing further bifurcations, such as period-doubling, torus bifurcations and small pockets of chaos. In the vicinity of
the simultaneous saddle-node and Hopf bifurcations, successive periodic orbits wind more and more near the point in phase
space where the saddle-node bifurcation is about to occur. This leads to a self-similar period-adding cascade. By varying
the linewidth enhancement parameterα from zero, the case of a solid-state or CO2 laser, to values larger than 1, the case of
semiconductor lasers, we show how the accumulating regions of winding periodic orbits change rapidly. This explains why
the period-adding cascade has not been found in injected semiconductor lasers. Moreover, we are able to identify certain
regions with complex dynamics in injected semiconductor lasers as ‘remainders’ of the accumulating regions.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we are concerned with a physically
and technologically important example of a period-
ically forced non-linear oscillator: a laser subject
to external optical input with constant amplitudeK
and detuningω (with respect to the frequency of
the free-running laser). One also speaks of an (opti-
cally) injected laser. Physically, the external light is
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produced by a second laser, also called the master
laser, and it is sent into the first (or slave) laser via
one of its partially reflective mirrors.

Optical injection was originally used to improve
the optical properties of a given laser, in particular
its spectral properties. Applications range from in-
jection locking, frequency stabilisation to linewidth
reduction and chirp reduction[1–5]. However, lasers,
and in particular semiconductor lasers, subject to
optical injection are also known to produce a large
variety of dynamical behaviour including complex
and chaotic dynamics[6–39]; see also the surveys
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[40–42]. Originally, chaotic behaviour of laser sys-
tems was seen as a nuisance to be engineered away,
but more recently it was suggested[13] and studied
[43] for chaotic communication schemes.

Apart from these more technology-driven con-
siderations, injected lasers are fascinating from a
fundamental point of view, because they constitute
the simplest laser system with complicated dynam-
ics. For the important class B lasers, the system is
described well by a set of three autonomous ordi-
nary dimensional equations, thesingle-mode rate
equations for the complex electric fieldE and the
population inversion (the carriers)n. The control pa-
rameters are the injection strengthK and the detuning
ω (from the free-running laser) of the injected light.
The single-mode rate equations are introduced in
Section 2and they are valid for solid-state, CO2 and
semiconductor lasers, or other class B lasers. These
lasers are distinguished by the value of the so-called
linewidth enhancement factorα: for solid-state and
CO2 lasersα is practically zero, while semiconductor
lasers are characterised by a value ofα in a typical
range of about 1–10. The ‘single-mode’ in the name
of the equations already indicates that the basic as-
sumption is that the laser lases at a single frequency
throughout, which is the case, e.g. for distributed
feedback (DFB) laser[37,44]. However, even for
Fabry–Perrot lasers (the simplest type of lasers where
a lasing material is located between two mirrors) that
may show ‘hopping’ between different laser modes,
the assumption of single-mode operation turned out
to be valid for large regions of operation[22].

The first goal of this paper is to present and explain
a complicated structure forα = 0 of accumulating
regions in the (K,ω)-plane associated withwinding
periodic orbits. These orbits consist of one (or pos-
sibly more than one) large global loop and are being
‘wound up’ in a certain region of phase space which
results in a number of small loops; see alreadyFig. 3
and Section 3. The number of small loops (or the
winding) depends on the region under consideration.
More specifically, the accumulating regions appear
near a codimension-two saddle-node Hopf (SN-Hopf)
bifurcation [45,46] on the boundary of the locking
region. The saddle-node bifurcation takes place on

a (large global) periodic orbit, leading to a global
reinjection mechanism. We speak of a SN-Hopf
bifurcation with global reinjection.

The direct motivation for our study forα = 0 is
the recent paper by Yeung and Strogatz[26], where a
rate equation model of a solid-state laser (equivalent
to (1) for α = 0) is studied. Injection is viewed as
unidirectional coupling and as a step towards under-
standing two bidirectionally coupled lasers[47]. The
paper reports on a new route to locking in an inter-
mediate regime between locking via a saddle-node
bifurcation and locking via Hopf bifurcation. This
route to locking involves cascades of winding periodic
orbits, interspersed with more complicated dynamics.
Yeung and Strogatz encouraged more research into
this phenomenon[26, p. 4433]: “From a theoretical
perspective, the most interesting open question con-
cerns the mathematical mechanism underlying the
self-similar cascade of bifurcations.” We identify this
new route to locking here as a period-adding sequence
that occurs along (suitable) one-parameter paths
through the accumulating regions of winding periodic
orbits.

However, the problem of periodic orbits with in-
creasing numbers of small windings has received
quite some attention in different types of optically
driven lasers before, in both theoretical models and
real experiments. In 1985, Brun et al.[48] presented
experimental time series as well as computer simula-
tions of periodic orbits with an increasing number of
small loops when increasing the amount of the light
injected into a ruby nuclear-magnetic-resonance laser.
In the same year Tredicce et al.[49] predicted the
similar phenomenon of large pulses (corresponding to
large loops) separated by different numbers of small
amplitude relaxation oscillations (small loops) for a
CO2 laser. His results were experimentally confirmed
by Boulnois et al.[50] in an experiment with a CO2
laser. In 1988, Lauterborn and Eick[51] studied a
route to locking in an injected laser with saturable ab-
sorber and reported the existence of periodic solutions
with increasing windings. They produced images of
the associated cascade of winding periodic orbits and
identified it as a period-adding cascade. The win-
dows of more complicated dynamics contain further
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windows of locking regions, which are organised by
the Frechet numbers[51] p. 1092.

Our second goal is to explore what happens to the
structure of accumulating regions of winding periodic
orbits whenα is increased towards values typical for
semiconductor lasers. Our direct motivation is the fact
that the period-adding route to locking has never been
found in semiconductor lasers, both theoretically and
in experiments. We show here that the structure breaks
up already for very small values ofα, explaining that
it was found only for CO2 and solid-state lasers. On
the other hand, we can trace certain regions in param-
eter space with complicated dynamics for lasers with
α > 0 back to this structure. This includes a structure
of resonance tongues along a torus bifurcation curve
near the SN-Hopf point for 0< α < 1, that was re-
cently studied in detail by Mayol et al.[36]. In their
paper the authors conjecture that this structure may
be connected to the phenomenon described in[26],
and our results show that this is indeed the case. The
main difference is that the resonance tongues studied
in [36] do not give rise to attracting winding orbits, so
that there is no period-adding cascade. Finally, we are
able to make a connection to complicated bifurcation
structures for the case of an injected semiconductor
laser (withα > 1), which we studied extensively in
earlier work[29–31,33,34].

The paper is organised as follows. InSection 2,
we introduce the rate equations of a class B laser
with injection. In Section 3, we describe the regions
of winding periodic orbits and reveal other bifurca-
tion structures, such as pockets of chaotic dynamics.
Section 4is concerned with what happens to the bi-
furcation diagram in the (K,ω)-plane whenα becomes
positive and reaches values up toα = 2. In Section 5,
we draw conclusions and point out directions for
future studies.

2. Class B laser with optical injection

In a semiclassical approach to laser theory the laser
medium is described by the quantum-mechanical
Schrödinger equation and the light propagation is gov-
erned by the classical Maxwell equations. This works

remarkably well for most types of lasers[52]. It leads
to the rate equations, the so-called Maxwell–Bloch
equations, for the slowly varying complex electric
field E in the laser cavity, the polarisationP of the
active medium, and the population inversionn (num-
ber of electrons in the excited state). Depending on
the magnitude of the decay times for these dynamical
variables Arecchi et al.[53] distinguished between
different classes of lasers. Class C lasers have simi-
lar decay rates for the electric field, polarisation and
population inversion and need to be described by
the full set of Maxwell–Bloch equations. In class B
lasers, which are the subject of our studies, the po-
larisation decays on a much shorter time scale than
E and N and, hence, becomes a follower ofE that
can be adiabatically eliminated. Solid-state, CO2 and
semiconductor lasers are all class B lasers.

After suitable scaling, the rate equations for a class
B laser with optical injection take the form

Ė = K + (1
2(1 + iα)n − iω)E,

ṅ = −2Γ n − (1 + 2Bn)(|E|2 − 1), (1)

whereE = Ex + iEy is the complex electric field and
n is the population inversion. See[29] for more de-
tails on the derivation of theses dimensionless equa-
tions, and for information on how to relate the scaled
quantities to physical laser parameters. The two key
parameters are the injected field amplitudeK and the
detuningω, and both can easily be adjusted in an ex-
periment. The other parameters specify material prop-
erties of the laser, namelyB is the rescaled cavity life
time of photons in the laser cavity andΓ is the rescaled
damping rate of the so-called relaxation oscillations, a
periodic exchange of energy between the electric field
E and the carriersN. Throughout this paper we use
the realistic valuesB = 0.015 andΓ = 0.035 [29].

The third material constant,α, is very important. It
is a measure for the coupling between the phase and
the amplitude of the complex electric fieldE, an effect
called self-phase modulation or chirping of the laser.
The parameterα is called thelinewidth enhancement
factor. The value ofα is what distinguishes different
types of class B lasers. For solid-state and CO2 lasers
α is practically zero. On the other hand, the much
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used semiconductor lasers have typical values ofα

larger than 1. As a consequence, changes of the power
of a semiconductor laser heavily influence its lasing
frequency. Physically, this is due to a change of the
refractive index of the semiconductor material with
the amount of light in the laser cavity.

The single-mode rate equations have been studied
(in forms equivalent to (1); see also[38,40,41]) by
reducing them to two-dimensional averaged equa-
tions, e.g. in [14,18,24,25,38], and by considering
certain limits, e.g. in[20,27,28]. The study of the
full three-dimensional rate equations started with bi-
furcation studies using numerical integration, e.g. in
[17,21,32], but recently also made use of bifurcation
theory methods such as the direct continuation of
bifurcation curves, e.g. in[23,29,30,34,36,39]. All
these studies showed very good agreement with ex-
periments, in particular, with experimental stability
maps[15,22,37].

In this paper, we are concerned with the bifurcation
diagram in the (K,ω)-plane of the three-dimensional
system (1) for different fixed values ofα. (The other
parametersB andΓ in (1) change only little for dif-
ferent lasers and remain fixed in this paper.) We first
study the caseα = 0 of a solid-state or CO2 laser,
and then discuss what happens whenα is increased to
typical values for semiconductor lasers.

Bifurcation curves in the (K,ω)-plane generally
result in changes of the laser’s behaviour. There
are two bifurcation curves bounding the well-known
locking range of the injected laser. They are both su-
percritical bifurcations involving attractors, namely a
saddle-node bifurcation and a Hopf bifurcation. The
stable equilibrium born in the saddle-node bifurcation,
and destabilised in the Hopf bifurcation, corresponds
to the stable state where the laser is phase-locked to
the input. However, there are many more bifurcation
curves (many of which correspond to subcritical bi-
furcations) in the (K,ω)-plane as is discussed in detail
in Sections 3 and 4.

Throughout this paper, the saddle-node bifurcation
curves were plotted using analytical expressions, while
all other bifurcation curves were calculated with the
continuation package AUTO[54]. For a particular
laser,α stays fixed and the bifurcations are continued

in the (K,ω)-plane resulting in a bifurcation diagram
for this type of laser. We first computed the bifurcation
diagram forα = 0 and then followed the respective
bifurcations to higher values ofα, stopped at certain
valuesα > 0 and computed the respective bifurcation
diagrams in the (K,ω)-plane for these values ofα. In
this manner, we followed the regions of winding pe-
riodic orbits that we found forα = 0 to higher values
of α all the way up to the case of an injected semi-
conductor laser. The associated phase portraits were
computed with the package DsTool[55].

3. The (K , ω)-plane for α = 0

We now describe in detail the bifurcation curves
and corresponding dynamics in phase space associ-
ated with the accumulation of large regions of winding
periodic orbits near the codimension-two SN-Hopf
points G1 and G2 for α = 0. Fig. 1(a) shows an
overview of the bifurcation diagram in the (K,ω)-plane
for both positive and negative values of the detuning
ω. Different colours are used for different bifurcations:
saddle-node bifurcation is in blue, Hopf bifurcation in
red, saddle-node of limit cycle bifurcation in brown,
period-doubling in green, and torus bifurcation in
black. The supercritical part of a bifurcation curve is
shown in the saturated colour just introduced, and the
subcritical part in the respective lighter colour. Notice
that the bifurcation diagram of (1) is reflectionally
symmetric forα = 0 under the symmetry(E, ω) →
(E∗, −ω). This is why for the remainder of this section
we restrict to the case of positiveω shown inFig. 1(b).

3.1. Entering the locking range

The saddle-node curve SN and the Hopf curveH
are very close together and they touch at the two
SN-Hopf bifurcation pointsG1 and G2, where they
change from super- to subcritical. As a consequence,
the locking range, where the laser locks to the input, is
the cone-like region bounded by the supercritical part
of H and the supercritical part of SN. In other words,
when one starts with the solitary laser solution, the
locking range is generally entered either via a Hopf
bifurcation, forω aboveG1 (and belowG2), or via a
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Fig. 1. Accumulating regions of winding periodic orbits forα = 0 (top row) and their detailed structure near the pointG1 in two consecutive
enlargements (bottom row).

saddle-node bifurcation, for positiveω well belowG1.
This is illustrated inFig. 2 where in panels (a1)–(a4)
we follow the running phase solution to the locking at
the Hopf bifurcation, while panels (b1)–(b4) follow
the running phase solution up to the locking at the
saddle-node bifurcation well belowG1 (below the end
of the accumulating bifurcation curves). Notice that
the saddle-node bifurcation takes place on a periodic

orbit. On the way to locking the running phase so-
lution develops an increasing number of windings
close to where the equilibrium will appear in the
saddle-node bifurcation. This is due to the fact that the
laser operates close to the SN-Hopf pointG1 with a
slow passage near a region with transverse spiralling.

If one follows the running phase solution at the
intermediate range ofω near and belowG1 then one
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Fig. 2. Different locking mechanisms. Above the pointG1 locking occurs in a Hopf bifurcation (top row), and belowG1 and below the
accumulating regions inFig. 1 it occurs in a saddle-node bifurcation on a periodic orbit (bottom row). (a1)–(a4)ω = 0.8 andK takes the
values 0.05, 0.5, 0.7, and 0.795; (b1)–(b4)ω = 0.5 andK takes the values 0.05, 0.32, 0.396, and 0.48.

encounters a period-adding sequence as observed in
[26]; see also[51]. How this can be explained is quite
intricate, as we will see in the remainder of this section.

3.2. Self-similar structure of bifurcations

The closed curves of saddle-node bifurcations of
limit cycles SLj for j = 1, 2, . . . in Fig. 1 bound re-
gions of attracting periodic orbits with an increasing
number of windings. These regions accumulate on
the saddle-node curve SN, but they also overlap for
larger values ofω. In Fig. 3, we show what these limit
cycles look like for SL1 to SL4 for different values of
the detuning, but all above the curveT. These periodic
orbits always coexist with the running phase solution
of the laser, which is the continuation of the solution
of the free-running laser (forK = 0). Due to the over-
lap of the regions of their existence, several periodic
orbits with different numbers of windings can coexist
with the running phase solution, as is shown with two
examples inFig. 4. This is why the route to locking,
when one follows the running phase solution from
K = 0 aboveT is always via the Hopf bifurcation
at H.

NearG1 the structure of the bifurcation diagram is
very complicated, as is shown in the enlargements in
Fig. 1(c) and (d). The curves SLj change from super-

to subcritical near the curveT in 1:1 resonances
which results in the creation of new torus curvesTj

in Fig. 1(d). At the same time, there are small bub-
bles of period-doubling curvesPj that change from
super- to subcritical in 1:2 resonances, which are
again associated with torus bifurcations. Furthermore,
there are smaller and smaller regions bounded by new
saddle-node bifurcations of limit cycles (denoted sim-
ply SL), which again change from super- to subcrit-
ical in resonances. They are associated with periodic
orbits that make a number of large excursion so that
they pass the phase space region of winding several
times. The overall picture is that of a nested sequence
of closed curves of period-doubling and saddle-node
curves that are connected by torus bifurcation curves
at codimension-two resonance points.

The closed curvesSj look like resonance tongues
of locked orbits on an attracting torus, but in fact
they are not. They bound regions with an attracting
and a saddle-type periodic orbit with a given num-
ber of windings, but it is also possible to follow an
orbit continuously from one such region to the next
by following the orbit inside the first region to well
below the curveT (where the SLj are subcritical)
and then into the next region. The limit cycle picks
up one more winding along the way in a continuous
fashion. However, when one keepsω fixed nearG1
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Fig. 3. Periodic orbits existing inside the first four large regions plotted for three different values of the detuning. (a1)–(a4)ω = 0.8 and
K takes the values 0.588, 0.67, 0.71, and 0.735; (b1)–(b4)ω = 1.3 andK takes the values 0.99, 1.095, 1.15, and 1.181; (c1)–(c4)ω = 1.8
and K takes the values 1.2, 1.38, 1.48, and 1.529.

and sweepsK one encounters a complicated sequence
of bifurcations.

3.3. Period-adding route to locking

This complicated arrangement of bifurcation curves
is the explanation for the period-adding route to chaos
that one finds nearG1 below the curveT. The first
two steps of it are illustrated with phase portraits in
Fig. 5. Starting with a stable torus (Fig. 5(a)) we cross
SL (which has a characteristic spiky cusp) (Fig. 5(d))

Fig. 4. Coexistence between the running phase solution and dif-
ferent winding periodic orbits where the large regions overlap;
ω = 1.9, andK = 1.15 (a) and 1.45 (b).

and an attracting periodic orbit is born which coexists
with the torus (Fig. 5(b)). The torus is then destroyed
in a homoclinic bifurcation, involving the saddle-type
periodic orbit also born along the same curve SL, as is
explained inSection 3.4. Note that for slightly differ-
ent detunings another small curve SL can be crossed
and the torus disappears in a homoclinic bifurcation
with a periodic orbit with a different number of large
excursions. In any case, as a result only the attracting
periodic orbit is left (Fig. 5(c)). This periodic orbit un-
dergoes a series of complicated bifurcations, including
small pockets of chaotic dynamics; seeSection 3.5
and Fig. 8. Finally, a different attracting limit cy-
cle remains (Fig. 5(d)) which then period-undoubles
along P1 (Fig. 5(e)); compareFig. 1(d). Then, the
torus reappears via a homoclinic tangency bifurcation
of the saddle orbit originating from SL1 in a similar
fashion as it was destroyed and coexists with the pe-
riodic orbit (Fig. 5(f)); seeSection 3.4. The periodic
orbit disappears along SL1 and we are back to a sit-
uation with only an attracting torus (Fig. 5(g)). When
K is increased further, we see inFig. 5(g)–(l) a rep-
etition of the transition we saw inFig. 5(a)–(f ). The
difference is that the periodic orbits involved now, in
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Fig. 5. The first two steps in the transiton to locking via the period-adding cascade;ω = 0.7 and from (a) to (l)K takes the values 0.401,
0.40415, 0.415, 0.475, 0.49, 0.532, 0.54, 0.5468, 0.55, 0.573, 0.575, and 0.598.

particular the orbit accompanying the reappearance of
the torus, are wound up by one more turn. This means
that we are crossing a similar structure as before, but
for the next region in the accumulation of bifurcation
curves. When one plots points in a Poincaré section,
one observes windows of periodic orbits with, suc-
cessively, an extra point in the plot: a period-adding
cascade. These windows accumulate on the parameter
value corresponding to the curve SN inFig. 1(c).

3.4. Homoclinic break-up of tori

That the curvesSj are not associated to locked orbits
on a torus can also be seen by the fact that the bifur-
cating attracting periodic orbits coexist with the torus;
seeFig. 5(b) and (f). The torus then disappears by
colliding with the bifurcating saddle-type periodic or-
bit, which happens via a first and a last homoclinic
tangency of the stable and unstable manifolds of the
saddle-type periodic orbit.

This process is illustrated inFig. 6 where we show
what happens in the Poincaré section{n = 0}. First
there is only the invariant torus, that is, an attracting
invariant closed curve in the Poincaré section with
a repellor inside it (Fig. 6(a)). The dynamics on the

invariant curve appears to be quasiperiodic. This sit-
uation corresponds to that inFig. 5(a) and (g). After
the saddle-node bifurcation we see an attractor and a
saddle periodic orbit (Fig. 6(b)). The number of inter-
sections with this Poincaré section defines the number
of windings, which is seven in this case. However,
it can be different for different values of the detun-
ing because another small curve SL can be crossed.
We computed the stable and unstable manifolds of
the saddle-points with the method in[56,57] under
DsTool [55]. The stable manifolds (in black) come
from the central repellor, dividing the interior of the
torus into the basins of the attractors and that of the
torus. One branch on the unstable manifolds (in grey)
goes to the respective attractor and the other to the
attracting invariant curve (the intersection of the torus
with the section). This situation corresponds to that
in Fig. 5(b) and (h). The invariant curve (or the torus)
breaks up in a first tangency (which is not shown
here) between the stable and unstable manifolds, and
then there is a very small region with homoclinic
tangle (Fig. 6(c)). As is well known, there is chaotic
dynamics associated with shift dynamics in the region
with homoclinic tangle. After a last homoclinic tan-
gency both branches of the unstable manifolds now
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Fig. 6. Homoclinic tangencies are responsible for the destruction of the torus appearing in the period-adding cascade to locking, shown in
the Poincaŕe section{n = 0}. The torus (a), then coexists with two periodic orbits born on SL (b), after a first homoclinic tangency there
is homoclinic tangle between the stable (black) and unstable (grey) manifolds (c). After a last homoclinic tangencies the manifolds split
(d); ω = 0.7 and from (a) to (d)K takes the values 0.4, 0.404, 0.4042, and 0.405.

go to attractors and the torus is gone (Fig. 6(d)). This
situation corresponds to that inFig. 5(c) and (i).

The reappearance of the torus (Fig. 5(f) and (l)) is
due to the reverse bifurcation scenario, when increas-
ing K further. The only difference is that the emerging
periodic orbits are now outside the torus, as is shown
in Fig. 7 where the periodic orbits intersect the cho-
sen Poincaré section in three points. Just before the
torus reappears (Fig. 7(a)) both branches of the unsta-
ble manifold (in grey) go to attracting periodic orbits
(black points). After a first homoclinic tangency, there
is a homoclinic tangle (Fig. 7(b)). After a last homo-
clinic tangency the torus is created, and one branch
of the unstable manifold goes to periodic orbits while
the other accumulates on the attracting invariant curve
corresponding to the torus (Fig. 7(c)). After the peri-
odic orbits disappear when SL1 is crossed, the torus
is the only attractor (Fig. 7(d)).

It is worth noting that during the period-adding
cascade a torus is destroyed (or created) by ‘colliding
with’ periodic orbits originating along saddle-node of
limit cycle curves SL. When the main curves SLj are
crossed then the bifurcating periodic orbits make one
big loop around the origin of the complexE-plane and
j windings (or small loops) near where the saddle-node
appears. This leads to an increasing number of inter-
section points in the Poincaré section{n = 0}. When
smaller curves SL are crossed the bifurcating peri-
odic orbits make a number of big loops around the
origin of the complexE-plane, with a certain number
of windings along each of these big loops. There are
more big loops the deeper one enters into the compli-
cated bifurcation structure. When the number of big
loops stays the same, but new windings appear, the
period of the periodic orbit (of the vector field) does
not change much, but the period of the corresponding
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Fig. 7. The tori involved in the period-adding cascade reappear via homoclinic tangencies of winding saddle orbits, which exist in the
large regions. The panels show attractors in the Poincaré section{Ey = −1}; ω = 0.69 and from (a) to (d)K takes the values 0.522,
0.52283, 0.5235, and 0.525.

periodic points of the Poincaré map does increase by
1 at each step. By taking a local Poincaré section far
from where the saddle-node will appear, one can make
sure that these periodic orbits lead only to a single in-
tersection point for each big loop. Extra windings will
then not be picked up as extra points in the Poincaré
section since they appear far away from the section.
This shows that the break-up of the tori in the homo-
clinic tangencies described above is not due to weak
p:q resonances, near which one would expect locking
on the torus instead; see, e.g.[46].

3.5. Pockets of chaos

The transition betweenFig. 5(c) and (d), and
betweenFig. 5(i) and (j), is not just a continuous
deformation of the periodic orbit. In fact, many ad-
ditional bifurcations are involved, as can already be
surmised from the bifurcation curves that need to be
crossed inFig. 1(d). What actually happens is shown

in Fig. 8 by two panels for each parameter value, one
showing the respective attractors of the vector field
and the other their intersections with the Poincaré
section{n = 0}. The chain of events contains pockets
of chaos.

The attracting periodic orbit (Fig. 8(a)) bifurcates
into a torus (Fig. 8(b)) which then breaks up into a
chaotic attractor (Fig. 8(c)). It changes its shape asK is
increased further (Fig. 8(d) and (e)). There is a region
of locking to a period-three orbit (Fig. 8(f)) and then
the chaotic attractor develops a shape (Fig. 8(g)) that
is usually associated with a chaotic attractor arising
from a period-doubling route to chaos. However, the
chaotic attractor disappears suddenly in a boundary
crisis (Fig. 8(h)), it hits its basin and all trajectories
‘leak’ to the coexisting periodic orbit. This periodic
orbit period-doubles and then we reach the situation
in Fig. 5(d).

We remark that this transition appears to be globally
the same for all steps in the period-adding cascade,
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Fig. 8. Transition through regions of chaos. The upper rows show attractors projected onto theE-plane, while the bottom rows show their
intersections with the Poincaré sections{n = 0}; ω = 0.7. and from (a) to (h)K takes the values 0.415, 0.4173, 0.419, 0.422, 0.423, 0.43,
0.438, and 0.44.

with the difference being the number of windings of
the participating periodic orbits.

4. The (K ,ω)-plane for positive α

The period-adding cascade is a possible transition
to locking whenα = 0, that is, for solid-state or
CO2 lasers. However, there are other types of lasers,
most importantly, the widely used semiconductor
lasers which have values ofα in the range from
about 2–5 (or even up toα = 10). For semiconduc-
tor lasers a period-adding cascade has never been
reported. The question arises what happens to the
complicated structure inFig. 1 when α is increased
from zero to the range one finds for semiconductor
lasers.

We show now that the regions of winding peri-
odic orbits start to disappear already for very small
positive α. On the other hand, some of the regions
we found, in particular, those bounded by the curves
SLi , survive and can be followed for increasingα. In
this way, we can identify important regions associ-
ated with chaos in the (K,ω)-plane of semiconductor
lasers as ‘remainders’ of the accumulating regions for
α = 0. Because increasingα from zero breaks the
symmetry of the (K,ω)-plane, we consider the cases
of positive and negative detuning separately.

4.1. Positive detuning

What happens to the (K,ω)-plane whenα is var-
ied is shown inFig. 9, where panel (a) repeats the
(K,ω)-plane forα = 0 and positiveω. Initially the
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Fig. 9. Transition of the accumulating regions in the (K,ω)-plane for positive detuningsω with increasingα; from (a) to (f ) α takes the
values 0.0, 0.03, 0.04, 0.2, 0.5, and 2.0.
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bifurcation curves shown in the (K,ω)-plane do not
change much for small values ofα; seeFig. 9(b). This
shows that for realistic lasers, for whichα is small
but never exactly zero, there is indeed a period-adding
cascade to locking near the pointG1, as was reported
in the literature[48–51].

However, already forα = 0.04 we see that the
regions bounded by SLi for largeri start to break apart
into two regions, a small one nearG1 and a larger one
for largerω; seeFig. 9(c). Our computations indicate
that this process starts for very large values ofi as soon
as α 
= 0. The largerα becomes, the more regions
break apart, and forα = 0.2 all regions bounded by
SLi are affected, as is shown inFig. 9(d). At the same
time, the respective remaining regions shrink further
and seem to disappear. Furthermore, forα = 0.2 also
the large region bounded by the period-doubling curve
P0 has split into two pieces. For even larger values of
α, but α < 1 we are left with two regions bounded
by P0, one large and the other tiny, and a structure of
resonances along the torus curveT coming fromG1;
seeFig. 9(e). An image of this structure forα = 0.5
nearG1 can already be found in[29, Fig. 5]and it was
recently analysed in detail in[36]. In answer to the
discussion in[36] we remark that this structure is not
the transition to locking studied in[26], because the
involved bifurcations do not lead to attracting periodic
orbits.

It is well known that the SN-Hopf pointG1 under-
goes a change from type II to type III in the notation
of [45] when α is changed through 1; see[14,24].
From then on, the (K,ω)-plane has some features that
are typical for semiconductor lasers. This is illustrated
in Fig. 9(f) for α = 2. Notice that the supercritical
part of the Hopf curveH ‘flipped’ to the other side.
At the same time, the torus curve emanating fromG1

now appears on the other side ofG1; see [29] for
more details. The main features ofFig. 9(f) are the
two regions bounded by what remains of the curveP0.
These two regions have been identified as a parame-
ter region where semiconductor lasers produce chaos;
see[29,32]. The routes to chaos differ depending on
how the regions are entered, and they include sudden
transitions, such as boundary crises and intermittency
[31,33,34].

The remainder of the bifurcation structure near
G1 is a cascade of torus bifurcations, as is shown
in Fig. 10(a), which also incorporates the remainder
of the curveP0. The pieces of torus curvesTi are
connected at 1:1 resonances to saddle-node of limit
cycle curves; seeFig. 10(b). The region insideP0

contains unnested islands of period-doublings that
lead to further bifurcations; see[34].

Notice that theposition of G1 does not change much
throughout the transition we described, even though
its type does. (In fact, there are further changes of
its type; see[14,24,25].) However, the overall bifur-
cation structure nearG1 changes dramatically. Never-
theless, two main regions where semiconductor lasers
are known to show chaotic dynamics have been iden-
tified as ‘remainders’ associated with the single region
bounded by the curveP0 for α = 0. The accumulat-
ing regions break up quickly, and this explains that a
period-adding cascade has never been found for semi-
conductor lasers.

4.2. Negative detuning

It is in the nature of the linewidth enhancement fac-
tor α to lead to a different reaction of the laser to in-
put with positive and negative detuning[29, p. 287].
This is brought out clearly inFig. 11where we show
the change in accumulating regions of winding peri-
odic orbits for negative detunings asα is increases to
values in the range of semiconductor lasers.

Again, for ease of referenceFig. 11(a)shows the ac-
cumulating regions forα = 0. (Recall that in this case
the SN-Hopf pointG2 is the mirror image ofG1.) Also
for negativeω these regions disappear quickly, but in
a different way. The pointG2 moves rapidly to larger
values ofK and ‘drags’ the accumulating regions with
it; seeFig. 11(b). As α is increased further, we are left
with a number of regions along the torus bifurcation
curveT, which is almost parallel to the lower locking
boundary SN; seeFig. 11(c). The pointG2 has already
disappeared to values ofK that are physically hard to
realise. We remark thatG2 moves through a cusp of
the curve SN (at very large values ofK) whenα moves
through 1; see[29] for details. As mentioned before,
this also marks the transition to the case of semicon-



Fig. 10. Cascade of torus bifurcation curves in the (K,ω)-plane forα = 2.0; panel (a) shows the main bifurcation curves and panel (b) the
structure of further saddle-node of limit cycle curves.

Fig. 11. Transition of the accumulating regions in the (K,ω)-plane for negative detuningsω with increasingα; from (a) to (d)α takes the
values 0.0, 0.2, 0.5, and 2.0.
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ductor lasers, via the ‘flip’ of the supercritical part of
the Hopf curveH, leading to the characteristic shape
of the locking region inFig. 11(d). What remains of
the accumulating regions is a bifurcation structure for
negative detunings that is typical for semiconductor
lasers, with different bifurcations on the route to lock-
ing; see[12,30] for details.

As for positive detunings, we conclude that the
accumulating regions disappear quickly, but the bi-
furcation structure behind it survives in large parts.
This gives rise to regions of complicated dynamics and
to bifurcations that were identified in semiconductor
lasers before. In particular, the torus bifurcationT has
been found analytically in[28] by considering the limit
of largeα. It is responsible for a bistability between
the a running phase solution and locking[5,28,30],
whenT and the subcritical part of SN intersect.

5. Conclusions

The mechanism of a period-adding cascade,
observed both in experimental and theoretical investi-
gations of class B lasers with injected signal since the
mid 1980s, is due to accumulating regions of winding
periodic orbits near a saddle-node-Hopf point with
global reinjection. This bifurcation structure is present
only for non-chirping lasers, such as solid-state and
CO2 lasers for whichα is practically zero, but dis-
appears quickly whenα is positive. Nevertheless,
the respective bifurcation curves can be followed to
values ofα in the range typical for semiconductor
lasers, providing a link between these different types
of lasers. Indeed, certain regions in the bifurcation
diagram of semiconductor lasers can be viewed as
‘remainders’ of the accumulating regions forα = 0.

Our studies indicate that the bifurcation diagram
is organised by the saddle-node Hopf point, whose
important feature is that it occurs on a periodic or-
bit, which provides a global reinjection mechanism.
While the local dynamics near a saddle-node-Hopf
point is quite well known, the global reinjection in-
troduces new dynamics. An instance of this are the
winding periodic orbits with different numbers of big
loops. How they are organised, and how they bifur-

cate in homoclinic bifurcations, is a topic of ongoing
research.
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