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ABSTRACT

This paper examines laser stability during transition between class B and class C condi-
tions, when polarisation dynamics changes to evolving on a similar timescale as the population
inversion and laser intensity. Numerical and analytical studies, based on the Maxwell-Bloch
equations, indicate that class C conditions can stabilise or destabilise a laser. The former effect
is counter-intuitive and is demonstrated using examples of optical injection and time-delayed
feedback, where externally induced instabilities and chaos found for class B conditions disappear
for class C conditions. A systematic parametric study identifies combinations of laser param-
eters, i.e. the excitation rate, cavity detuning and ratio of laser-field to population-inversion
decay rates, giving rise to the two opposite results of transitioning from class B to class C
operation.

I. INTRODUCTION

Studies of nonlinear laser dynamics date back to 1970’s. Since then, there has been an
impressive growth in activities for two reasons. One reason is that lasers provide an excel-
lent experimental platform for exploring new and exciting nonlinear dynamics. Strong optical
nonlinearities combine with weak dissipation to make lasers very susceptible to external dis-
turbances. For example, laser operation may destabilise with optical feedback, resulting in
rich displays of regular or erratic (e.g. chaotic) intensity oscillations. Similar destabilisation
also occurs with external optical injection [1,2], optoelectronic feedback [3] and coupling to
another laser [4–7]. The second reason is that nonlinear dynamics has been very successful in
improving our knowledge of laser dynamical behaviour [8–15] and stimulating novel applica-
tions [16,21–23]. Practically every laser application is impacted by dynamical performance. For
example, high-speed response is important for optical communication [17,18], while dynamical
stability is essential for spectroscopy.

The evolution of the study of laser dynamics into a major discipline owes much to the fact that
important laser nonlinearities can be captured accurately and concisely with the Maxwell-Bloch
equations [19,20]. These differential equations describe the time evolutions of the complex-
valued intracavity electric field, complex-valued active-medium polarisation and real-valued
active-medium population inversion [8,10]. The advantages are maintained even when the equa-
tions become non autonomous and involve time-delayed influences in the presence of external
disturbances. To date, the Maxwell-Bloch equations continue to allow in-depth stability analy-
sis, using modern numerical and theoretical concepts from dynamical systems and bifurcation
theory [13,14,24,25].

Depending on the active medium and optical cavity, the three laser variables (laser electric
field, active medium polarisation and population inversion) evolve with separate timescales,
subjected to one constraint — population dynamics cannot be faster than polarisation dynamics
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owing to the influence of dephasing on the latter [8, Ch.7]. Based on the relationships among
these timescales, a laser can be categorised into three classes: class A, class B and class C [26].
Initial theoretical studies of laser instabilities [8,11] were focused on class C laser models, where
the full set of Maxwell-Bloch equations were used. With the arrival of semiconductor lasers
in the 1980’s, the focus shifted to class B laser models, which involved only the differential
equations for electric field and population inversion [27, Ch.3] This simplification is possible
because fast dephasing allowed adiabatic elimination of the polarisation differential equation.
Majority of results on laser instabilities and chaos in response to optical injection or feedback
are obtained using class B laser models.

Recent technological advances, such as those leading to quantum-dot (QD) lasers [28] and
quantum-cascade lasers (QCLs) [29], give reason for revisiting class C laser models. The reason
is that fundamental changes in the active medium or laser transition make elimination of the
polarisation equation no longer always possible. In QD lasers, reduced scattering under con-
ditions such as low temperature, may decrease dephasing rates so that polarisation dynamics
is slowed to being comparable with population dynamics. In a QCL, laser action and thus
population dynamics involve intersubband transitions. A consequence is that population in-
version can change at the ultra fast rate of intraband collisions, which also govern polarisation
dynamics. These can lead to polarisation, population and radiation field amplitude all chang-
ing on comparable time scales. In both cases (whether it is polarisation dynamics slowing
down or population dynamics speeding up), the question of externally-induced instabilities or
bifurcations has not been fully addressed.

This paper is motivated by the general need to better understand effects of class C conditions
on laser stability. The case of a single-mode laser is used to demonstrate possible effects of
approaching class C conditions from class B ones. Of interest are changes in the number and
type of lasing solutions and the stability of these solutions. Moreover, whether the solutions
describe stabilisation or destabilisation of laser operation have practical relevance. To quantify
the difference, we introduce and explain the concept of relative stability difference and illustrate
its use in a systematic parametric study for identifying combinations of laser parameters (laser-
field and population decay rates, excitation rate and detuning) leading to either stabilisation
or destabilisation.

We present counter-intuitive results showing suppression of laser instabilities as the ratio
of polarisation and laser-field decay rates decreases towards class C conditions in two laser
configurations. For a laser subject to optical injection, we show that regions of bistability
shrink noticeably and some bifurcations leading to stable field-amplitude oscillations disappear
from the stability diagram. For a laser subject to time-delayed optical feedback, we show
an even stronger effect where all type (periodic and chaotic) field-amplitude oscillations are
suppressed. The end result is a stability diagram that is highly multistable but devoid of any
amplitude instabilities.

Section II describes the class C laser model. Section III identifies parameter regimes where
stability of a solitary laser either decreases or increases when transitioning from class B to class C
conditions. A systematic parametric study is used to identify different possible scenarios with
dependencies on the ratio of field and population decay rates, excitation rate and detuning
between cavity and transition frequencies. Guided by the solitary laser results, Sections IV
and V explore the less intuitive stabilising effects of class C conditions on two canonical laser
configurations in nonlinear dynamics: laser with external optical injection and laser with time-
delayed optical feedback. Generalisations are made to the class B formulae for phase-locked
or rotating-wave solutions of the two configurations [32,25] by including terms arising from
polarisation dynamics. In these studies, we first obtain analytical formulae for steady-state
lasing solutions, identify the new terms arising from polarisation dynamics and compute the
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bifurcations leading to field-amplitude oscillations. Then, we analyse changes to externally-
induced multistability and instabilities when approaching class C conditions.

II. CLASS C LASER MODEL

We consider a laser with a homogeneously broadened two-level active medium inside a Fabry-
Perot cavity. Assuming that only one cavity mode lies within the gain bandwidth, we write for
the laser electric field E(z, t) and active-medium polarisation P (z, t), [8]

E(z, t) =
1

2
u(z)

[

E(t)e−iνt + E∗(t)eiνt
]

, (1)

P (z, t) =
1

2
u(z)

[

P(t)e−iνt + P∗(t)eiνt
]

, (2)

where u(z) is the passive-cavity mode, z is position along the optical cavity axis and ν is an
optical frequency chosen to facilitate the calculations, as explained in Sections III–V. The com-
plex slowly-varying amplitudes for the electric field and polarisation are E(t) = |E(t)| exp (iϕ(t))
and P(t), respectively, and the lasing frequency is ν + dϕ/dt.

With the above expressions for laser field and active-medium polarisation, dynamics of a class
C laser is governed by the Maxwell-Bloch equations [8,30]:

dE
dt

= −γcE − i(Ω − ν)E +
iν

2ǫ
P + f(t), (3)

dP
dt

= −γpP + i(ω − ν)P − i℘2

~
ΓN̄E , (4)

dN̄

dt
= λ − γnN̄ − i

2~Γ
(E∗P − EP∗), (5)

where N̄ is the spatially-averaged population inversion density, Γ is the mode confinement
factor, ℘ is the electric-dipole matrix element, and ǫ is the background permittivity. Also in
the above equations are loss contributions containing laser-field decay rate γc (we often refer
to the cavity or intensity decay rate 2γc), dephasing rate γp and population decay rate γn. The
pump rate is λ, passive-cavity mode frequency is Ω and active-medium transition frequency
is ω. To include the possibility of optical injection or feedback, we added a forcing term f(t)
in (3). Equations (3)–(5) are invariant under rotation

(E ,P, N̄ , f) → (Eeiξ,Peiξ, N̄ , feiξ), (6)

where ξ ∈ (0, 2π].
From among the many laser parameters, only a few are relevant to laser stability and nonlinear

dynamics. To identify the relevant parameter combinations and to facilitate calculations, we
rewrite class C laser model (3)–(5) in a dimensionless form

Ė = − (1 + i∆c)E + iP + F (τ), (7)
1

γpc
Ṗ = −(1 + i∆p)P − iEN, (8)

1

γnc
Ṅ = Λ − N − i

2
(E∗P − EP ∗), (9)

where the dot indicates the first derivative with respect to normalised time τ = γct. The
normalised quantities are E = E/E0, P = P/P0, N = N̄/N0 and F (τ) = f(τ) (E0γc)

−1, where
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E0 =
~
√

γnγp

℘
, (10)

P0 =
2~ǫγc

√
γnγp

℘ν
, (11)

N0 =
E0P0

~Γγn
. (12)

The rescaled detunings, decay rates and pump rate are

∆c := ∆c(ν) =
Ω − ν

γc

, (13)

∆p := ∆p(ν) =
ω − ν

γp
, (14)

γpc =
γp

γc
, γnc =

γn

γc
and Λ =

λ

γnN0
, (15)

of which ∆c and ∆p depend on the choice of ν in (1) and (2).
To make connection to the class B limit, we formally integrate (8) to obtain

P (τ) = e−γpc(1+i∆p)τ



P (0) − iγpc

τ
∫

0

ds E (s)N (s) eγpc(1+i∆p)s



 . (16)

In the limit that the elctric field amplitude and population inversion vary negligibly during the
decay of the exponential containing γpc, and that e−γpcτ ≪ 1, the integration may be performed
by assuming

P (τ) ≃ e−γpc(1+i∆p)τ



P (0) − iγpcE (τ) N (τ)

τ
∫

0

ds eγpc(1+i∆p)s





≃ −iE (τ) N (τ) (1 − i∆p)L(∆p), (17)

where we defined a dimensionless Lorentzian function,

L(∆p) =
1

1 + ∆2
p

. (18)

Substituting the above expression for the polarisation amplitude into (7) and (9) leads to the
Class B laser model

Ė = −(1 + i∆c)E + (1 − i∆p)L(∆p)NE + F (τ), (19)

1

γnc
Ṅ = Λ − N − L(∆p)|E|2N, (20)

The above equations of motion are additionally invariant under the transformation

(E, F, ∆p, ∆c) → (E∗, F ∗,−∆p,−∆c). (21)

The set of input parameters for which the rate equations (19) and (20) are valid is referred to
as class B condition or limit.
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III. THE SOLITARY CLASS C LASER

A solitary class C laser is described by Maxwell-Bloch equations (7)–(9) with F (τ) = 0. It
has two asymptotic solutions with constant |E(τ)| and N(τ): a non-lasing steady-state

E = P = 0,

N = Λ, (22)

and a lasing solution

|Es|2 = Λ − 1 − ∆2
p, (23)

ϕs(τ) = (∆p + ∆c)τ + ϕ0, (24)

Ps(τ) = −(∆p + i)|Es|e−i[(∆c+∆p)τ+ϕ0], (25)

Ns = 1 + ∆2
p, (26)

where ϕ0 is a constant that depends on initial phase ϕ(0).
Suppose we choose ν to be the lasing frequency νs. From how the laser field is written in (1),

such a choice is equivalent to having dϕs/dt = 0, or according to (24), ∆c = −∆p. The latter
in turn gives the lasing frequency

νs =
Ωγp + ωγc

γp + γc
. (27)

The polarisation detuning parameter then becomes

∆(s)
p := ∆p(νs) =

ω − νs

γp
=

Ω − ω

γp + γc
, (28)

and lasing solution (23)–(26) becomes a steady state given by

|Es|2 = Λ − 1

L(∆
(s)
p )

,

ϕs = ϕ0,

Ps = −(∆(s)
p + i)|Es|e−iϕ0 ,

Ns =
1

L(∆
(s)
p )

. (29)

Due to the rotational symmetry (21), there is a whole circle of lasing steady states parametrised
by ϕ0 in the (E, P, N) phase-space; this is known as phase indeterminacy of the laser field.

Both classes B and C conditions give the same steady state lasing solutions if we assume

∆
(s)
p is an input parameter. The difference lies away from steady state, that is in stability of

steady-state solutions when subjected to perturbations. The analysis of laser stability may be
approached from two perspectives: linear stability analysis and degree of dissipation.

Linear stability analysis is based on the characteristic equation or eigenvalues of the Jacobian
of (7)–(9) evaluated at a steady state (22) or (29). It shows that non-lasing steady state (22) is

stable if Λ < 1+(∆
(s)
p )2. At the “laser first threshold”, when Λ = Λthr

s = 1+(∆
(s)
p )2, non-lasing

steady-state destabilises via an infinite pitchfork bifurcation giving rise to a stable circle of
lasing steady states as described by (29). A lasing steady state (29) has one eigenvalue that
always equals zero (owing to the rotational symmetry) and four other eigenvalues which are
solutions to a quartic characteristic equation,
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0 = λ4 + a3λ
3 + a2λ

2 + a1λ + a0, (30)

where

a3 = 2 + γnc + 2γpc,

a2 =
(

∆(s)
p

)2
(γpc − 1)2 + (γpc + 1)2 +

(

2 + (2 + |Es|2)γpc

)

γnc,

a1 =
[

1 +
(

∆(s)
p

)2
(γpc − 1)2 +

(

2 + γpc + (3 + γpc)|Es|2
)

γpc

]

γnc,

a0 = 2(1 + γpc)|Es|2γpcγnc.

We order the eigenvalues according to

Re[λ4] ≤ Re[λ3] ≤ Re[λ2] ≤ Re[λ1]. (31)

In the 1980’s [11,12], the stability of lasing steady state (29) was studied in relation to a “laser
second threshold”, where this state destabilises via Hopf bifurcation. This happens when two
eigenvalues that are complex conjugate of each other cross the imaginary axis from left to right,
i.e. when Re[λ1] = Re[λ2] = 0 and Im[λ1] = −Im[λ2] 6= 0. Hopf bifurcation may be found
by assuming that quartic equation (30) has two pure imaginary roots, so that it has the form

(λ2 + b2)(λ2 + b1λ + b0) = 0. When cavity is tuned to transition resonance, i.e. ∆
(s)
p = 0, and

in the “bad cavity limit” γc > γn + γp, one obtains a simple condition for the “laser second
threshold”

Λ = ΛH
s =

1 + γnc + 3γpc

(1 − γnc − γpc)γpc

. (32)

When ∆
(s)
p 6= 0, the analytical condition becomes rather complicated [31]. Since a laser second

threshold cannot occur in the class B limit, one has a flagship example of the widely expected
destabilising effects of class C conditions. However, we now show that such an association to
only destabilisation with class C conditions is misleading.

Figure 1 illustrates that the transition from class B to class C conditions can make laser
operation either less or more stable. We show the former with the parameter combination

(∆
(s)
p , γnc, Λ) = (0, 1, 3) and γpc decreasing from 20 in (a) to 1.5 in (b), and the latter with

(∆
(s)
p , γnc, Λ) = (2, 2, 6) and γpc decreasing from 20 in (c) to 2 in (d).

Laser stability is determined by the least damped solution under small perturbations, i.e. by
eigenvalue(s) λn with the largest Re[λn] or with the lowest n according to the assignment in
Eq. 31. In Fig. 1 the four non-zero eigenvalues for class C laser model, denoted with λ1, λ2, λ3

and λ4, are plotted with circles, and the two non-zero eigenvalues for class B laser model,
denoted with λB

1 and λB
2 , are plotted with squares. We found by comparing results of class

B and class C laser models that there is negligible difference in the predictions of the two
models for γp

>∼ 20γc. This is evidenced in Fig. 1 (a) and (c) for γpc = 20 and class B
conditions, where the two least damped solutions in class C laser model are almost identical
to the solutions of the class B model. Specifically, complex-conjugate eigenvalues in Fig. 1
(a) satisfy λ1 = λ∗

2 ≃ λB
1 = (λB

2 )∗, while real eigenvalues in Fig. 1 (b) satisfy λ1 ≃ λB
1 and

λ2 ≃ λB
2 . On the other hand, the two most damped solutions in class C laser model, with

Re[λ3,4] at least an order of magnitude greater than Re[λ1,2], describe fast decay of the complex
polarisation and justify its adiabatic elimination. As γpc decreases towards class C limit, λ1 and
λ1 gradually deviate from λB

1 and λB
1 , respectively, and real parts of λ1, λ2, λ3 and λ4 become

comparable. In Fig. 1 (b) for γpc = 1.5 and class C conditions, we found that the least damped
solutions are two oscillatory ones in class C laser model with λ1 = λ∗

2. As shown in the plot,
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Re[λ1] = Re[λ2] > Re[λB
1 ] = Re[λB

1 ], consistent with the general perception of transition from
class B to class C conditions leading to lesser stability. The reason being that the system has
greater degree of freedom without the adiabatic elimination of polarisation dynamics. However,
in Fig. 1 (d) for γpc = 2 and class C conditions, we found solutions with λ1 < λB

1 . Here, one has
an opposite and less intuitive trend where a laser becomes more stable when conditions change
from class B to class C.
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FIG. 1. Eigenvalue spectra of lasing steady state (29) for two sets of (∆
(s)
p , γnc, Λ) in class B laser model (squares)

and class C laser model (dots). In class C laser model, class B conditions are obtained using γp = 20γc in (a) and (c),
and class C conditions are obtained using γp = 1.5γc in (b) and γp = 2γc in (d).

To systematically study effects of class C conditions, which are intricately dependent on ∆
(s)
p ,

γnc and Λ, we introduce a relative stability difference,

ζ =
Re[λB

1 (∆
(s)
p , γnc, Λ)] − Re[λ1(∆

(s)
p , γnc, γpc, Λ)]

Re[λB
1 (∆

(s)
p , γnc, Λ)]

. (33)

Heree, Re[λ1(∆
(s)
p , γnc, γpc, Λ)] determines the actual laser stability (i.e., using the class C laser

model) and

λB
1 (∆(s)

p , γnc, Λ) = −γncΛL

2

(

1 −
√

1 − 8
ΛL − 1

γncΛ2
L

)

,

where ΛL = ΛL(∆
(s)
p ), determines the stability under class B conditions (i.e., using the class

B laser model and the same input parameters). Positive (negative) relative stability difference
indicates that the laser is less (more) stable than operating under class B conditions.

Figure 2 shows the relative stability difference (33) for lasing steady state (29) in terms of five
differently patterned regions. The plots reveal several general and interesting features arising
from the intermixing of regions of decreasing and increasing stability. First, as γpc decreases
towards more pronounced class C conditions, the laser tends to eventually become less stable,
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as indicated by the (hatched) dark regions, or more stable, as indicated by the hatched light

regions. The exact stability changes depend on the chosen path as decided by Λ, γnc and ∆
(s)
p .
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FIG. 2. Relative stability difference (33) for the lasing equilibrium (29) shown in the (Λ, γpc) plane for (top to bottom)

increasing values of γnc, and for two values of ∆
(s)
p = (left column) 0 and (right column) 2. The green curve in (a) indicates

“laser second threshold” where steady lasing destabilises via Hopf bifurcation. The asterisk in (g) indicates parameters
used for the two examples of stabilising effects of class C conditions in the presence of external optical signals in Sec. IV
and V.

The second feature involves polarisation detuning ∆
(s)
p . For ∆

(s)
p = 0 (left column, Fig.

2), where the cavity is tuned to the transition resonance, hatched light regions indicating
stabilising tendency of class C conditions are appreciably smaller compared to (hatched) dark
regions indicating destabilising tendency of class C conditions. By comparison, the stabilising
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regions are noticeably larger for ∆
(s)
p = 2 (right column, Fig. 2).

The third feature involves the case of equal cavity and population decay rates (γnc = 2).
Starting with γnc = 0.2 and moving from top to bottom in Fig. 2, at first, the relative
positions and shapes of the stabilising and destabilising regions in the (Λ, γpc) plane change
continuously and gradually with increasing γnc. Then, these regions undergo a number of
abrupt changes near γnc = 2, before becoming practically unchanged for γnc

>∼ 5 (not plotted).
The situation for γnc = 2 appears to be special, with a large white region of ζ = 0 indicating
exactly equal stability. The ζ = 0 condition is described by a complicated surface in the
three-dimensional (Λ, γpc, γnc) parameter space. Typical intersections between this surface and
the plane of constant γnc shown in plots are smooth white curves. Interestingly, the surface
appears to have a segment that lies exactly in the plane of γnc = 2, giving rise to a large white
intersection region in panels (c) and (g). Finally, the absolute value of the relative stability
difference remains below 0.1 when γpc is about one or two orders of magnitude larger than γnc,
as indicated by the solid grey and white regions.

Lasing stability may also be analysed from the perspective of degree of dissipation. This
quantity is defined as the rate of phase-space volume contraction and is related to the divergence
of the laser vector field by the divergence theorem [33, Sec.1.4]. To see that, we rewrite Eqs. (7)–
(9) and Eqs. (19)–(20) in the form

ẋ = GC(x) and ẏ = GB(y),

respectively, where x = (E, P, N) ∈ R
5 is the laser vector state in class C laser model and

y = (E, N) ∈ R
3 is the laser vector state in class B laser model. In the equations, GC and GB

denote the corresponding vector fields. Then, we find that

∇ · GC = −2(1 + γnc/2 + γpc),

is independent of the laser state x, but

∇ · GB = −2
(

1 − NL
(

∆(s)
p

))

− γnc

(

1 + |E|2L
(

∆(s)
p

))

,

depends on the laser state y.

TABLE I. Bifurcation labels.

S or Sl local saddle-node bifurcation in which a pair of steady-amplitude solutions
is born, where one is unstable and the other can be stable or unstable

Sg global saddle-node bifurcation taking
place on a limit cycle (periodic orbit),

H Hopf bifurcation in which a steady-amplitude solution changes stability
and gives rise to a solution with periodically modulated amplitude,

h homoclinic bifurcation in which the period of a solution with periodically
modulated amplitude reaches infinity and the solution disappears,

SL saddle-node bifurcation of periodically modulated amplitude solutions,

A non-central homoclinic bifurcation point,

B generalised Hopf or Bautin bifurcation point,

BT Bogdanov-Takens bifurcation point,

C cusp bifurcation point,

D resonant homoclinic bifurcation point.
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Lately, a rich variety of instabilities and chaotic dynamics originating at saddle-node-Hopf
bifurcations [32,25] have been reported, theoretically and experimentally, for weakly dissipative

class B semiconductor lasers with external optical signals [?,23]. In those lasers, weak dissipa-

tion ∇ · GB ∼ −10−3 arises from γnc ∼ 10−3 and NL(∆
(s)
p ) ≈ 1. This paper gives examples of

stability diagrams for dissipative lasers. More specifically, we use γnc = 2 so that ∇ ·GB ∼ −1
and less instabilities are expected.

The next two sections provide general analysis of class C laser response to optical injection and
time-delayed feedback. In particular, they illustrate the less intuitive stabilising effects of class C
conditions for laser parameters indicated by the asterisk in Fig. 2 (g). The results are presented
in terms of bifurcation or stability diagrams, which include various bifurcations (instabilities)
described in Table I. In the diagrams, solid curves denote bifurcations of stable solutions
that can be directly observed in laser experiments while dashed curves denote bifurcations of
unstable solutions. For more details on bifurcation theory we refer to [34].

IV. EXTERNAL OPTICAL INJECTION

An optically-injected class C laser can be modelled by Maxwell-Bloch equations (7)–(9) with
F (τ) describing the injected field [30]. We consider a weak monochromatic injected field of
magnitude |Eext|, so that

F (τ) = ηi exp (−i(νi − ν)τ/γc) =
c |Eext|

2nLE0γc

√

T

1 − T
exp (−i(νi − ν)τ/γc) ,

where ηi is a normalised injection rate, νi is the injected light frequency, c is the speed of light,
n is the background refractive index, L is the cavity length and T is the transmission coefficient
for injected field. We are interested in 1:1 phase-locked solutions which correspond to the laser
oscillating at the frequency of the externally injected signal. To study phase-locked solutions
as steady states, we choose for this section

ν = νi,

in expansion (1), and introduce the injection detuning parameter

∆i =
νi − νs

γc

.

This leads to

∆c(νi) = −∆(s)
p − ∆i

and

∆p(νi) = ∆(s)
p − ∆i

γpc
. (34)

The above expression for ∆p(νi) reveals that, in contrast to class B conditions, the polarisation
detuning in externally injected class C lasers varies with ∆i and can be noticeably different
from its solitary value if ∆i 6= 0. Then, (7)–(9) become

Ė = −
[

1 − i(∆(s)
p + ∆i)

]

E + iP + ηi, (35)

1

γpc
Ṗ = −

[

1 + i

(

∆(s)
p − ∆i

γpc

)]

P − iEN, (36)

1

γnc
Ṅ = Λ − N − i

2
(E∗P − EP ∗) . (37)
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Setting time derivatives in (35)–(37) to zero gives a cubic equation for the steady-state pop-
ulation inversion Ni:

0 = N3
i + c2N

2
i + c1Ni + c0, (38)

where

c2 = −Λ − 2

[

1 +
(

∆(s)
p + ∆i

)

(

∆(s)
p − ∆i

γpc

)]

,

c1 = 2Λ

[

1 +
(

∆(s)
p + ∆i

)

(

∆(s)
p − ∆i

γpc

)]

+
1 +

(

∆
(s)
p + ∆i

)2

L(∆i)
+ η2

i ,

c0 = −Λ
1 +

(

∆
(s)
p + ∆i

)2

L(∆i)
,

and effects of class C conditions are represented by the term ∆i/γpc, which also appears in the
dimensionless Lorentzian

L(∆i) =
1

1 +
(

∆
(s)
p − ∆i/γpc

)2 .

The steady-state amplitude |Ei| and the phase difference φi = arg(Ei) between the injected
and the laser fields are given by

|Ei| =

√

Λ − Ni

NiL(∆i)
, (39)

φi = cos−1

( |Ei|
ηi

[1 − NiL(∆i)]

)

. (40)

The steady-state polarisation is given by

Pi = −
(

∆(s)
p − ∆i

γpc
+ i

)

|Ei|NiL(∆i)e
−iφi .

It is clear from (36) that the steady-state solutions are independent of γpc when ∆i = 0.
However, stability of these solutions will in general depend on γpc regardless of ∆i.

Examples of lasing steady-state solutions in the presence of an injected field for class C and
class B conditions are shown in Fig. 3. Plotted is the normalised laser intensity versus the

normalised injection rate, for two combinations of (∆
(s)
p , Λ). For small ηi and ∆i 6= 0, there is

one unstable steady state (dashed portion of curves). Then for increasing ηi, two new steady
states may be born and then disappear via saddle-node bifurcations. Where three steady
states exist, the low-intensity one is always unstable, the high-intensity one is always stable,
and the mid-intensity one can be either stable or unstable. The situation of bistable solutions
is illustrated very well by the two curves in Fig. 3 (b).
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FIG. 3. Steady states (39) of an injected laser vs. the injection rate ηi for class B and class C conditions, with

∆i = −0.4, γnc = 2 and two sets of (∆
(s)
p , Λ). Class B conditions are obtained using class B laser model, and class C

conditions are obtained using class C laser model with γpc = 2. Solid curves denote stable steady states, dashed curves
denote unstable steady states, and dots denote Hopf bifurcations.

Saddle-node bifurcations occur when the polynomial in (38) has a double root Ni, meaning
that its first derivative with respect to Ni also equals zero, giving

Ni = −1

3

(

c2 ±
√

c2
2 − 3c1

)

.

Inserting the above expression into (38) gives condition for saddle-node bifurcations in terms
of input parameters only. Furthermore, the polynomial in (38) can have a triple root, corre-
sponding to a cusp bifurcation, when its first and second derivatives are equal to zero. This
occurs when

Ni = −c2/3.

Inserting the above expression into (38) gives condition for cusp bifurcations in terms of input
parameters only. When γpc → ∞, we recover results derived for class B conditions in [32].

Figure 4 shows saddle-node bifurcation curves S and cusp bifurcation points C in the (ηi, ∆i)
parameter plane obtained from the derived formulae. All other bifurcations are computed using
numerical bifurcation continuation software [35]. A solid (super-critical) part of S gives rise to
a stable steady state. Furthermore, Sl refers to a local (regular) saddle-node bifurcation and
Sg refers to a global saddle-node bifurcation taking place on a limit cycle [?]. Recall that limit
cycles represent lasing solutions with periodically modulated amplitude. Transitions between Sl

and Sg occur at non-central homoclinic bifurcation points A, from which a curve of homoclinic
bifurcation h emerges. Along h, the period of the limit cycle involved goes to infinity and the
cycle disappears.
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FIG. 4. Complete stability diagrams in the (ηi, ∆i) plane for (a) class B and (b) class C conditions, with γnc = 2 and

∆
(s)
p = 2. Class B conditions are obtained using class B laser model, and class C conditions are obtained using class C

laser model with γpc = 2. Bifurcation curves define boundaries of (light and dark shading) 1:1 phase locking and (dark
shading) bistability. Refer to Table I for bifurcation labels.

Homoclinic bifurcation curves reconnect to S at Bogdanov-Takens points BT which, in turn,
give rise to a curve of Hopf bifurcation H . Typically, along H , a steady state changes stability
and gives rise to a limit cycle. The cycle is stable only along the solid super-critical parts of S.
In addition to typical behaviour, there can be special points on H called the generalised Hopf
or Bautin points B, where H changes from super-critical to sub-critical. From these points a
bifurcation curve of saddle-node of limit cycles SL emerges (figures 4(b) and 5). Finally, SL
terminates on h at the resonant homoclinic bifurcation point D (figure 5).

Complete bifurcation diagrams in Figs. 4–5 include all instabilities that can be found for
the chosen laser parameters. They explain how different instabilities are connected via special
bifurcation points, of which Bogdanov-Takens points can be identified as the organising centres

for dynamics. Most importantly, different bifurcations form boundaries of stable phase locking,
periodic amplitude oscillations, and bistability. Note that, owing to strong dissipation, we
have not found any instabilities leading to dynamics more complicated than periodic amplitude
oscillations.
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FIG. 5. An expanded view about the upper BT point from figure 4(a).

Shading in figure 4 indicates the region of stable 1:1 phase locking, with lighter shading
indicating monostability and darker shading indicating bistability. Each panel in Fig. 4 has
two bistability regions, one near each BT point. (Note that the smaller regions can be difficult
to locate. For example, see the not discernable bistable region in the upper left quadrant of Fig.
4(b), which is expanded in Fig. 5.) To illustrate the origin of this bistability, we fix ∆i = −0.4
in Fig. 4(b) and increase ηi. At small ηi, the only stable state is a limit cycle corresponding to
an unlocked lasing solution. When Sl is reached, a stable steady state is born (see also folds in
Fig. 3), giving rise to bistability between phase-locked and phase-unlocked solutions. Then, the
limit cycle shrinks onto an unstable steady state at H (see also dots in Fig. 3). This state in
turn becomes stable, giving rise to bistability between two phase-locked solutions. Finally, the
two steady states with the lowest field amplitude disappear at the other branch of Sl, leaving
just one stable steady state.

It is clear from Fig. 4 that transition from class B to class C conditions can have a strong effect
on both the symmetry of the locking region and the extent of bistability regions. The diagram

in Fig. 4 (a) is reminiscent of what is usually found for class B conditions with ∆
(s)
p = 2. The

two key features are: strong asymmetry with respect to ∆i = 0 and a large region of bistability
for ∆i < 0 [?].

When class C conditions are approached (Fig. 4(b)), the large bistability region shrinks
noticeably and SL and B bifurcations disappear altogether. Moreover, the diagram becomes

more symmetric, similar to the situation for class B conditions with ∆
(s)
p ≈ 0. However, the

more symmetric shape of the locking region is not because of small ∆
(s)
p . Rather, it is partially

due to the fact that under class C conditions the polarisation detuning in an injected laser, that

is ∆p(νi) given by (34), may differ from its solitary laser value. In particular, even if ∆
(s)
p > 0,

∆p(νi) could become zero or even negative if ∆i/γpc exceeds ∆
(s)
p .

Overall, stability diagrams for an injected laser in Fig. 4 are in line with the stability analysis
for a solitary laser. For the less stable class B conditions in Fig. 4(a), the laser has a large region
of bistability and various instabilities. For the more stable class C conditions in Fig. 4(b), the
region of bistability shrinks noticeably and certain instabilities, namely saddle-node of limit
cycles SL and Bautin points B, disappear from the stability diagram.
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V. OPTICAL FEEDBACK

A class C laser subjected to optical feedback can be modelled by Maxwell-Bloch equations (7)–
(9) with F (τ) describing optical signal that is returned to the laser with a normalised delay

time τf [36]:

F (τ) = ηfe
iφf E(τ − τf) =

cT

2nLγc

√

Rext

1 − T

√
1 − σ eiφf E(τ − τf),

where ηf is a normalised feedback rate, φf = ντf/γc is the feedback phase, Rext is the reflection
coefficient of the external mirror and σ is the fraction of the light intensity that is lost in the
feedback loop (e.g. owing to light absorption and diffraction of the laser beam). In this section
we choose

ν = νs,

by setting ∆c = −∆
(s)
p . Due to the rotational symmetry of the Maxwell-Bloch equations, the

simplest lasing solutions are circular limit cycles, also known as rotating waves (RWs):

E(τ) = |Ef | exp (−i∆f τ) ,

P (τ) = Pf exp (−i∆fτ) , (41)

N(τ) = Nf ,

where

∆f =
νf − νs

γc
,

is the normalised detuning between the RW frequency and the steady-state solitary-laser fre-
quency, νf and νs, respectively.

Substituting (41) into (7)–(9) and setting ∆c = −∆
(s)
p , gives the transcendental equation for

∆f :

∆f + ηf

[

∆(s)
p cos(φf + ∆fτf ) + sin(φf + ∆fτf)

]

+
∆f

γpc
[1 − η cos(φf + ∆fτf)] = 0. (42)

Furthermore, we derive

Nf =
1

L (∆f )
(1 − η cos(φf + ∆fτf)), (43)

|Ef |2 =
Λ − Nf

NfL (∆f )
, (44)

Pf = −
(

∆(s)
p − ∆f

γpc
+ i

)

|Ef |NfL (∆f ) , (45)

in terms of the dimensionless Lorentzian

L(∆f) =
1

1 +
(

∆
(s)
p − ∆f/γpc

)2 .

Note from (43)–(44) that a root ∆f of (42) corresponds to a physical lasing solution only if the
corresponding threshold condition is satisfied

Λ > Λthr
f :=

1 − ηf cos(φf + ∆fτf)

L (∆f )
.
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For small ηf there is just one RW. Additional RWs are born typically in saddle-node bifurca-
tions and are often called external cavity modes. Examples of RWs in the (∆f , Nf) plane with
ηf = 0.01 are shown as dots in Fig. 6 for class B and class C conditions. As φf is varied, RWs
are born in pairs via saddle-node bifurcations at an intersection point between the solid and
dashed curves. One RW is always unstable and the other may be stable or unstable. Each RW
traces out the solid curve, and then disappears into a different pair at the other intersection
point between the solid and dashed curves. Saddle-node bifurcations occur when (42) has a
double root, which corresponds to the vanishing of the first derivative of (42) with respect to
∆f :

1 + τfηf

[

cos(φf + ∆fτf ) − ∆(s)
p sin(φf + ∆fτf )

]

+

1

γpc
[1 − ηf cos(φf + ∆fτf ) + ∆fτfηf sin(φf + ∆fτf )] = 0. (46)

To illustrate the saddle-node condition (46) in the (∆f , Nf) plane, we first use (43) to express
ηf cos(φf + ∆fτf) in terms of Nf . We then use the result and (42) to express ηf sin(φf +∆fτf )
in terms of Nf . Substituting both expressions into (46) gives

NfL(∆f) =
1 +

(

∆
(s)
p

)2

+ ∆
(s)
p ∆f + 1/τf − ∆f

(

∆
(s)
p + ∆f

)

/γpc

1 +
(

∆
(s)
p

)2

−
[

∆f

(

2∆
(s)
p − ∆f/γpc

)

+ 1/τf

]

/γpc

. (47)

For class B conditions, (47) reduces to a straight line

NfL(∆(s)
p ) = 1 +

∆
(s)
p ∆f + 1/τf

1 +
(

∆
(s)
p

)2 . (48)

The above saddle-node condition is plotted in Fig. 6 as dashed curves, where class C condi-
tions are obtained using (47) with γpc = 2, and class B conditions are obtained using (48).
Furthermore, (42) can have a triple root, corresponding to a cusp bifurcation, when the second
derivative of (42) with respect to ∆f also vanishes:

τ 2
f ηf

[

sin(φf + ∆fτf ) + ∆(s)
p cos(φf + ∆fτf )

]

−
τfηf

γpc
[2 sin(φf + ∆fτf) + ∆fτf cos(φf + ∆fτf )] = 0. (49)

In (42)–(49), class C effects are represented by terms with the factor 1/γpc. When γpc → ∞,
we recover results derived for class B conditions in [25].

Figure 6 highlights stabilising effects of class C conditions on the structure and number
of RWs. Firstly, as γpc decreases towards class C conditions, the number of RWs decreases.
Secondly, while the RWs still trace out an ellipse in the (∆f , Nf) plane, the slope of its major

axis becomes more horizontal, and the ellipse becomes less (more) circular when ∆
(s)
p = 0

(∆
(s)
p > 0).



17

-1 0 1

-1

0

1

-2 -1 0 1 2

-6

-4

-2

0

2

4

6

class B

class C
γpc = 2

class B

class C
γpc = 2

(a) ∆
(s)
p = 0

(b) ∆
(s)
p = 2

(N
f
−

N
s
)
×

10
−

2
(N

f
−

N
s
)
×

10
−

2

∆f × 10−2

FIG. 6. (Dots) Rotating waves or external cavity modes (41) in the (∆f , Nf ) plane for class B and class C conditions,

with τf = 103 corresponding to a feedback-loop length of 3 × 1011/γc m, ηf = 0.01, γnc = 2, and two values of ∆
(s)
p =

(a) 0 and (b) 2. Class B conditions are obtained using class B laser model, and class C conditions are obtained using
class C laser model with γpc = 2. Solid curves are the paths traced out by the dots when the feedback phase φf is varied.
Rotating waves are born and disappear in pairs via saddle-node bifurcations at the intersections of solid and dashed
curves.

In Fig. 7(a), we plotted saddle-node bifurcation curves S using (46) and cusp bifurcation
points C using (49) in the (φf , ηf) plane. The resulting bifurcation structure is 2π-periodic in
φf , which follows from (46). Two additional RWs are born when each branch of saddle-node
curve S is crossed in the direction of increasing ηf . Different digits indicate the number of
RWs in different regions of the plane. Numerical stability analysis [37] reveals that within a
region with n coexisting RWs, a maximum possible number of (n + 1)/2 RWs are stable. This
means that the bifurcation diagram in Fig. 7 has a high degree of RW multistability (shading)
but is devoid of any field-amplitude instabilities. In other words, there are no solutions with
oscillating field amplitude that bifurcate from RWs.
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Figure 7(b) shows stabilising effects of class C conditions in the stability diagram. For clarity,
we plotted just one S curve for class C conditions and one S curve for class B conditions. The
main effect is that, as γpc decreases towards class C conditions, the cusp points move towards
higher ηf . This implies that for a fixed ηf the number of RWs decreases with decreasing γpc in
agreement with Fig. 6. Again, numerical stability analysis confirms that RWs associated with
the plotted saddle-node bifurcation curves do not undergo any instabilities within the range of
ηf and φf shown in the figure.
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FIG. 7. (a) Complete stability diagram in the (φf , ηf ) plane showing saddle-node bifurcation curves S and cusp
bifurcation points C of rotating waves or external cavity modes (41) for class C conditions obtained using class C laser

model with γpc = 2, ∆
(s)
p = 0 and Λ = 2. Digits indicate the number n of coexisting rotating waves, where (n + 1)/2 are

stable. Shading indicates multistability. (b) Effect of transition from class B to class C conditions on the saddle-node

bifurcations for ∆
(s)
p s = 2 and Λ = 6. The class B saddle-node curve was obtained using class B laser model and class

C saddle-node curve was obtained using class C laser model with γpc = 2. In (a) and (b) we used γnc = 2 and τf = 103.
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In view of the relatively simple bifurcation diagrams in Fig. 7, a question arises about the
possibility of field-amplitude instabilities in dissipative lasers with γnc = 2. Figure 8, obtained
using direct time integration of (7)–(9) with ηf = 4×10−2 and Λ = 5.2, demonstrates that such
instabilities do occur but they require a strong feedback rate and operation in close proximity to
the lasing threshold. Specifically, complex nonlinear dynamics is observed for class B conditions
in Fig. 8(a). Starting from φf = 0, the laser converges to a complicated (possibly chaotic)
attractor and produces irregular field-amplitude oscillations whose extrema appear to form a
recurring pattern in φf . Next, for φf ≈ 8π, the laser leaves the chaotic state and converges to a
branch of RWs. It follows this branch up to φf ≈ 16π, then converges to another branch of RWs.
Hence, the laser remains on stable branches of RWs as φf increases. On the other hand, as φf

decreases below zero (not shown), the laser continues to produce irregular oscillations without
any transitions to RWs. Numerical bifurcation analysis using [37] reveals that the branch of
RWs in Fig. 8(a) that exists on the interval φf/π ∈ [−41.3, 16.6] is stable for φf/π ∈ [−7.7, 16.4].
It looses stability via Hopf bifurcations at φf/π ≈ −7.7 and 16.4.
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FIG. 8. One-dimensional attractor diagrams showing extrema of |Ef (τ )|2 vs. the feedback phase φf for (a) class B
conditions obtained using class B laser model and (b) class C conditions obtained using class C laser model with γpc = 2.

In (a) and (b) we used ηf = 0, 04, τf = 103, γnc = 2, ∆
(s)
p = 2, Λ = 5.2, and we initialised the system identically near

the non-lasing steady-state of a solitary laser.

A rather different bifurcation transition is observed for class C conditions in Fig. 8(b).
Branches of stable RWs span over a large interval of φf , indicating a high degree of multi-
stability. Furthermore, there is no evidence of any amplitude-field oscillations. Starting from
φf = 0, the laser converges to a branch of RWs. However, it leaves this primary branch of RWs
and converges to another branch of RWs before the primary branch disappears in a saddle-node
bifurcation. This means that RWs destabilise before they disappear. For example, the first
branch in Fig. 8(b) exists on the interval φf/π ∈ [−19.6, 19.4] but the laser stays on this branch
for φf/π ∈ [−15.2, 18.9]. More accurate numerical bifurcation analysis using [37] uncovers
sub-critical Hopf bifurcations, which destabilise this branch at φf/π ≈ −15.2 and 18.9. Since
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periodic orbits involved in sub-critical Hopf bifurcations are unstable, we do not observe any
field-amplitude oscillations in Fig. 8(b). Rather, the laser converges to a nearby stable RW.

In summary, stability and attractor diagrams for a laser with optical feedback are in line with
the stability analysis of a solitary laser. The laser undergoes instabilities leading to irregular
field-amplitude oscillations for the less stable class B conditions in Fig. 8(a), but not for the
more stable class C conditions in Fig. 8(b).

VI. CONCLUSIONS

Owing to the recent developments of novel laser systems, there is renewing interest in ques-
tions pertaining to laser stability during the transition between class B and class C conditions.
The former, which apply to almost all semiconductor lasers, occurs when active-medium polar-
isation dynamics is sufficiently fast to allow its adiabatic elimination from the laser equations.
The latter occurs when laser-field, population inversion and polarisation dynamics evolve on
similar timescales and laser description has to be via the full set of Maxwell-Bloch equations.
Earlier studies of laser dynamics under class C conditions led to specific examples of destabili-
sation under class C conditions. A well-known situation led to the classic phenomenon of “laser
second threshold”.

This paper extends those studies by performing a systematic investigation aimed at achieving
a general and comprehensive understanding of the transition from class B to class C dynamics.
The investigation is based on the Maxwell-Bloch laser equations and the calculations demon-
strate that under a broader range of class C conditions, polarisation dynamics can have either
stabilising or destabilising influences on laser operation. Combinations of the ratio of field and
population decay rates, excitation rate and detunings between cavity and transition frequencies
or injected signal and free-running laser frequencies leading to these two opposite effects were
identified.

In situations involving the less intuitive stabilising effects of class C conditions, the enabling
mechanism is found to be the decrease in the number of coexisting lasing solutions. The
consequence is greater stability of the steady-state lasing solutions by partial or even complete
suppression of any externally-induced instabilities and ensuing field-amplitude oscillations. The
lasers configurations studied involve external optical injection and time-delayed optical feed-
back.

In the case of optical injection, an example is considered where the stability diagram under
class B conditions has a large region of bistability, as well as homoclinic and saddle-node
bifurcations giving rise to periodic amplitude oscillations. When approaching class C conditions,
the bistability region shrinks noticeably and some bifurcations leading to stable field-amplitude
oscillations disappear. Simultaneously, the phase-locked region becomes more symmetric with
respect to positive and negative detuning between injected and free-running frequencies.

In the case of optical feedback, we considered an example where the stability diagram for
class B conditions consists of rotating wave instabilities and highly irregular (possibly chaotic)
field-amplitude oscillations. When approaching class C conditions, the number of rotating wave
solutions decreases. Moreover, all regular and irregular field-amplitude oscillations disappear.
The resulting stability diagram for class C conditions is highly multistable but devoid of any
rotating wave instabilities that could lead to stable field-amplitude oscillations.
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