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Nonlinear dynamics of lasers has been a lively theoretical and experimen-
tal field since the invention of the laser in 1960. Its focus in the last two
decades have been instabilities in widely used semiconductor lasers. Nonlin-
ear studies of laser systems contributed to the field of dynamical systems
with general phenomena including chaos, (chaotic) synchronization of coupled
oscillators, competition, excitability, delay-induced instabilities, unfolding of
high-codimension bifurcations, bifurcation cascades, and spatial patterns; see
[1, 28, 30, 36, 51, 63] for general reading and further references. These stud-
ies also deepened the understanding of nonlinear phenomena that are im-
portant for technological applications, e.g. external-modulation response of
semiconductor lasers for faster Internet connections [57]. Furthermore, nonlin-
ear analysis of laser systems stimulated and helped to validate the feasibility
of novel, chaos-based applications including secure communication schemes
[4, 50], chaotic radars [34], and instability-based laser sensors [56].

Much of the recent progress in the field of laser dynamics is owing to the
application of numerical continuation techniques. The study of lasers with
tools from bifurcation theory started already in 1987 with the work of Mal-
oney and coworkers on the nonlinear dynamics of three-level molecular lasers
[37]. By now, there are over one hundred publications where tools from bi-
furcation theory are used to investigate dynamics of various laser systems.
To explain the strong impact that numerical continuation techniques had and
are still having on the field of nonlinear laser dynamics we mention here four
key properties that we found to be very influential in our research. Namely,
numerical continuation techniques:

1. facilitate immensely the systematic search of an extensive and many-
dimensional parameter space to identify the important contributions. In-
teresting phenomena may be missed by the traditional approach of simula-
tion of the governing equations by direct time integration. Indeed, numeri-
cal continuation supplements numerical simulation by enabling parameter
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studies to be performed to the necessary detail and accuracy, and with
relatively modest computational resources;

2. allow the study of global homoclinic and heteroclinic bifurcations, which
are often associated with interesting nonlinear effects but cannot be stud-
ied otherwise;

3. supplement and expand analytical bifurcation studies, which are them-
selves invaluable but generally restricted to small neighborhoods of param-
eter space, for example, near isolated individual bifurcations. Numerical
bifurcation analysis is the tool of choice for those problems that cannot be
addressed with analytical techniques but are of great importance to physi-
cists, chemists, biologists, and engineers. For example, using the analytical
results on bifurcation curves expected near a codimension-two bifurcation
point, continuation techniques give answers to questions such as where
these bifurcation curves go and to which other codimension-two bifurca-
tion points they connect. Do phenomena occupy regions of the parameter
space that can be experimentally detectable or that are of any practi-
cal interest? From a more general bifurcation theory point of view, this
question concerns a better understanding of the organizing properties of
bifurcations;

4. may actually stimulate real laser experiments where bifurcation diagrams
are used as ‘road maps’ to guide experimentalists through the complexity
and variety of nonlinear laser dynamics.

The aim of this chapter is to give a taste of how continuation techniques can be
used to understand complicated dynamics in laser systems. At the same time,
laser systems emerge as natural candidates to study how global bifurcation
phenomena manifest themselves in a real system. In this sense, this chapter
should also be seen as a contribution to the wider field of dynamical systems.
Specifically, we present here the following two concrete examples of a global
bifurcation analysis in semiconductor laser systems.

• In Sect. 6.1 we consider structures of global n-homoclinic bifurcations that
lead to the phenomenon of multi-pulse excitability in semiconductor lasers
with optical injection [58, 62, 64]; and

• in Sect. 6.2 we present the backbone of the bifurcation set for two back-
to-back coupled lasers in which we find the counter-intuitive appearance
of chaos at practically vanishing coupling [53, 54].

Both examples feature interesting global bifurcation structures that have a
physical meaning and actually stimulated real laser experiments. The word
‘global’ in this context refers to objects in phase space that are due to certain
arrangements of stable and unstable invariant manifolds, as well as to asso-
ciated bifurcation structures in parameter space. In terms of the parameter
space we use the physically motivated approach of calculating k-parameter
bifurcation sets (usually for k = 2) for several fixed values of an additional
(k + 1)st parameter. These k-dimensional bifurcation sets, which consist of



6 Global Bifurcation Analysis in Laser Systems 179

various local and global bifurcations, are slices that are influenced or even
determined by unfoldings of certain codimension-(k + 1) bifurcations or sin-
gularities. These so-called organizing centers provide links between various
types of bifurcations that appear at first glance to be (and are often thought
of as) unrelated. While analytical techniques typically force investigators to
focus on particular bifurcations, which imposes some sense of isolation of the
particular phenomenon under investigation, numerical bifurcation analysis al-
lows one to connect seemingly unrelated pieces. The goal is to get to a deeper
understanding of the dynamics by obtaining a consistent and global bifurca-
tion picture of the given (laser) system; see also Chaps. 2 and 7.

6.1 Multi-Pulse Excitability and n-Homoclinic Orbits in

an Optically Injected Laser

This section is based on [58] and describes intricate structures of n-homoclinic
orbits and their bifurcations in the rate equation model of an injection
laser. The analysis reveals how codimension-two and -three homoclinic bi-
furcations act as organizing centers of the bifurcation diagram. First, we
find heteroclinic cycles known as T-point bifurcations; we are dealing here
with the case that both saddles involved have a pair of complex conjugate
eigenvalues. Such T-point bifurcations were found in systems from applica-
tions [2, 19, 20, 22, 26, 32, 47, 68] and their unfolding is known to involve
n-homoclinic orbits for any n [9, 10]. Secondly, we find double-homoclinic or-
bits to a saddle-focus, where there are two different homoclinic connections
to a single saddle-focus. (This should not be confused with a 2-homoclinic or-
bit.) This codimension-two global bifurcation has been studied in an abstract
setting in [27, 40, 44]. The bifurcations of 1-homoclinic orbits are known,
but the possible unfoldings are not yet fully understood. We present sketches
of relevant bifurcation curves associated with these global bifurcations and
show with numerical bifurcation diagrams how they manifest themselves in
the optically injected laser model. Also, we explain how these n-homoclinic
bifurcations give rise to the phenomenon of multi-pulse excitability.

All curves of global bifurcations and the associated homoclinic and hete-
roclinic orbits were calculated with the HomCont [11, 12] part of the contin-
uation package Auto [16]; the invariant manifolds and time series illustrating
multi-pulse excitability were computed with the package DsTool [5].

6.1.1 Optically Injected Laser

From the dynamical systems point of view, a free-running class-B laser (the
active-medium polarization decays much faster than the population inversion
and electric field) is a damped nonlinear oscillator characterized by a stable
equilibrium with two complex-conjugate eigenvalues. This situation can be
changed drastically when the laser is subjected to an external optical signal,
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Fig. 6.1. A laser that is being injected with an external optical field.

as discussed here and sketched in Fig. 6.1. With optical injection it becomes
a driven nonlinear oscillator: one of the nicest physical systems to show a
fascinating array of nonlinear dynamics. Several kinds of complex and chaotic
dynamics were discovered; see, for example, [3, 17, 21, 35, 29, 59, 63]. Of
particular importance is the fact that this system is very well described by a
set of three autonomous ordinary differential equations for the complex electric
field E = Ex+iEy and the population inversion n (the number of electron-hole
pairs in the case of a semiconductor laser) [48, 59]. These so-called single-mode
rate equations for this system can be written in dimensionless form as

{

Ė = K +
(

1
2 (1 + iα)n− iω

)
E

ṅ = −2Γn− (1 + 2Bn)(|E|2 − 1) .
(6.1)

The two main parameters are the injected field amplitude K and the detuning
ω, the frequency difference between the injected light and the frequency of the
laser without injection. The explicit time dependence in the drive term pro-
portional to K was eliminated thanks to the S1 symmetry of the system [63].
While K and ω can easily be changed in an experiment, the parameters B,
Γ and α describe material properties of a given laser. Specifically, B is the
rescaled lifetime of photons in the laser cavity and Γ is the rescaled damping
rate of the so-called relaxation oscillations, which are an exchange of energy
between the electric field E and the population n of a characteristic frequency
ωR in a free-running laser. We use the realistic values B = 0.015 and Γ = 0.035
throughout in our study.

The material constant α, called the linewidth enhancement factor, can
be very different for different lasers, and it is known that changing α has a
very large effect on the dynamics of the injected laser [59]. The parameter
α describes the coupling between the phase and the amplitude of the electric
field E, and it is in the range of α ∈ [1, 10] for typical semiconductor lasers.
On the other hand, (6.1) for α = 0 models injected solid-state and CO2 lasers,
which have a negligible phase-amplitude coupling. This is our motivation for
studying how the bifurcation set in the (K,ω)-plane depends on α, that is,
on the main material property of the particular laser under consideration.
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Fig. 6.2. Sketches of phase portraits near the boundary of a homoclinic tooth in two
unfolding parameters µ1 and µ2. From S. Wieczorek and B. Krauskopf, Bifurcations
of n-homoclinic orbits in optically injected lasers, Nonlinearity 18(3) (2005) 1095–
1120 c© 2005 by Institute of Physics Publishing; reprinted with permission.

6.1.2 Homoclinic Teeth

The phenomena we are interested in appear in what we call ‘homoclinic teeth’.
What we mean by a homoclinic tooth is sketched in Fig. 6.2. It is the region
bounded by the curve h1 of a 1-homoclinic bifurcation and the grey part
of the curve Sl of local saddle-node bifurcations. The two curves meet at
two points A1 and A2 of codimension-two non-central saddle-node homoclinic
bifurcations. This codimension-two bifurcation was identified in [31] as an
organizing center for multi-pulse excitability (single pulse excitability in this
case of a curve of 1-homoclinic bifurcations); see [6, 14, 15] for more details
on its unfolding. Figure 6.2 shows sketches of phase portraits for different
locations of parameter space near the homoclinic tooth. Notice, in particular,
that the saddle-node bifurcation takes place on a periodic orbit along the
parts marked Sg (where g stands for global), but this is not the case along Sl
(where l stands for local).

In the part of region 3 that is close to the curves h1 and Sg the laser is 1-
excitable: a small perturbation to above the stable manifold of the saddle s will
lead to a large excursion, which follows the one-dimensional unstable manifold
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of s, before the laser relaxes back to the attractor a. By comparison, in region
2 there is a smooth invariant circle, but the laser is still excitable close to the
curve Sg: a perturbation beyond the stable manifold of s will lead to a large
excursion around the invariant circle and back to a. In fact, phase portraits 2
and 3 are topologically equivalent. However, away from the codimension-two
points A, they may relate to different physical phenomena. On the one hand,
phase portrait 2 represents phase locking because the smooth invariant circle
is centered at the origin of the complex E-plane. Hence, an excitable response
associated with phase portrait 2 is mainly of the form of a 2π phase slip with
only slight variations in the electric field intensity. On the other hand, the
upper branch of the unstable manifold in phase portrait 3 evolves away from
the origin of the complex E-plane so that an excitable response leads to a
short (30 ps in our case) and distinct intensity pulse. Near A, the difference
in the excitable response for the phase portraits 2 and 3 disappears. The
curve het is not a bifurcation curve, but when crossing it there is a change
of the direction from which the relevant branch of the unstable manifold of
the saddle approaches the attractor. Consequently, the closure of the unstable
manifold of the saddle is a smooth curve in region 2, while this is not the case
in region 3; see [31] for more details.

The homoclinic tooth is shown to intersect with the dashed curve ns where
the saddle is neutral, that is, the absolute values of the real parts of the real
eigenvalue and of the pair of complex conjugate eigenvalues are equal. What
the dynamics looks like inside the tooth crucially depends on whether one
is above or below ns. Along the parts of h1 below ns, often called a simple
Shil’nikov case, the homoclinic orbit bifurcates into an attracting periodic or-
bit [Fig. 6.2(4a)]. On the other hand, along the parts of h1 above ns, often
called a chaotic Shil’nikov case, the bifurcating periodic orbit is no longer
stable [Fig. 6.2 (4b)]. Breaking this type of homoclinic orbit leads to the cre-
ation of n-homoclinic orbits for any n. While the curve ns is not a bifurcation
curve, each of its intersection points B1 and B2 with h1 is a codimension-two
homoclinic bifurcation, known as a Belyakov point [7, 24]. Belyakov points
mark the transition between the two cases of homoclinic orbits and, hence,
give rise to an intricate structure of n-homoclinic orbits.

How homoclinic teeth arise in (6.1) is shown in Fig. 6.3 with panels of
the (K,ω)-plane of (6.1) near the locking region for increasing values of α as
indicated. It shows the curves S of saddle-node bifurcations and the curves
H of Hopf bifurcations (both gray), the supercritical parts of which bound
the locking region of the injected laser; see [59]. Also shown is the neutral
saddle curve ns. All these curves are given by local conditions at equilibria of
(6.1) and can be found analytically. The curve h1 of 1-homoclinic bifurcations,
on the other hand, cannot be found analytically. It was computed with the
Auto/HomCont. The computations do not distinguish between a generic
(codimension-zero) homoclinic connection along the parts Sg in Fig. 6.2 and
the codimension-one homoclinic bifurcation along h1. In other words, when the
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bold black curve in Fig. 6.3 coincides with S then the saddle-node bifurcation
takes place on a periodic orbit. If it leaves S we find a homoclinic tooth.

For α = 0 (the case of a solid-state or CO2 laser) the (K,ω)-plane is
symmetric and there are no homoclinic teeth. As α is increased, homoclinic
teeth start to grow along the saddle-node bifurcation curve S that forms the
lower boundary of the locking range. (The other boundary is the Hopf bifur-
cation curve H.) Initially the teeth are quite small [panels (b)–(c)] but then
they grow in size with α and the bifurcation diagram changes qualitatively,
showing the existence of codimension-three phenomena. At α = 1.21 [panel
(c)] the first tooth starts to intersect the neutral saddle curve ns. What is
more, new teeth start to appear between already present teeth [panel (e)].
All teeth keep growing, and the tooth closest to the saddle-node Hopf point
G1 develops a rather bizarre shape [panels (f)–(i)]. On top of this, when α
increases neighboring teeth may merge, meaning that the curve h1 detaches
from the curve S. This occurs at codimension-three points when two neigh-
boring non-central saddle-node homoclinic bifurcation points come together
and vanish. Furthermore, one notices the appearance of codimension-two ho-
moclinic bifurcation points (dots along the curve h1 in panels (h) and (i)).
They are created when the section given by fixed α crosses a minimum in the
respective codimension-two bifurcation curve, which is discussed in detail in
Sect. 6.1.5.

To study how new teeth are born and neighboring teeth merge we con-
tinued with HomCont the curve of codimension-two non-central saddle-node
homoclinic bifurcations in (K,ω, α)-space [6, 45]. The projection of this curve
onto the (α, ω)-plane is shown in Fig. 6.4(a), while Fig. 6.4(b) shows a sketch
of a non-central saddle-node homoclinic orbit. The left-hand fold points of
the curve in Fig. 6.4(a) are points where teeth are born, while right-hand fold
points are points where two neighboring teeth merge. This figure clearly shows
that there are no teeth for α < 0.5. New teeth are then born one-by-one as α
is increased. Secondary teeth appear from about α = 2 on. Merging teeth can
be observed from about α = 2.2 onward when the first two teeth (nearest G1)
merge. Successively teeth for larger negative detuning ω also merge. In fact
for α > 7.5 there appears to be one giant tooth, if one still wants to call it
that. It is already clear that the situation becomes increasingly complicated
with α.

6.1.3 Complex Structure of n-Homoclinic Bifurcations

Complex structures of global homoclinic and heteroclinic bifurcations arise
inside the homoclinic teeth as a result of interactions of the curves of 1-
homoclinic orbits. The fact that the curve ns intersects the first homoclinic
tooth, for example, for α = 2.0 in Fig. 6.3 (d), giving rise to two Belyakov
points, already allows us to conclude from general theory [7, 24] that there
must be further curves of n-homoclinic orbits. We remark that the exact
combinatorics of these n-homoclinic orbits is still not fully understood [24].
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Fig. 6.3. Homoclinic teeth in the locking region as a function of α. From S. Wiec-
zorek and B. Krauskopf, Bifurcations of n-homoclinic orbits in optically injected
lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute of Physics Publish-
ing; reprinted with permission.
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Fig. 6.4. Curve of codimension-two saddle-node homoclinic bifurcations, projected
onto the (α, ω)-plane (a), and a sketch of a codimension-two saddle-node homoclinic
orbit (b). From S. Wieczorek and B. Krauskopf, Bifurcations of n-homoclinic orbits
in optically injected lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute
of Physics Publishing; reprinted with permission.

The question is how these n-homoclinic orbits are organized inside the
homoclinic teeth. At the same time, we obtain an impression of a Belyakov
bifurcation in a concrete system. Furthermore, one may ask where the associ-
ated n-homoclinic bifurcation curves go and to which other codimension-two
points they connect. In short: what is the bifurcation diagram, as far as one
can assemble it? These questions cannot be addressed by analytical studies
in a neighborhood near codimension-two points but they require the use of
continuation techniques. From a bifurcation theory point of view, this is the
next step towards the understanding of the organizing properties of global
bifurcations. Physically, we reveal structures that stretch over large regions in
the parameter plane and become experimentally accessible, that is, potentially
relevant for real applications of optically injected lasers.

Figure 6.5 (a1) shows curves hn of n-homoclinic orbits for n ≤ 4 inside
the first tooth for α = 2.0, while Fig. 6.5 (a2) is an enlargement near the
saddle-node bifurcation curve S. Many of these curves extend from the region
above ns to below ns and in crossing ns have further Belyakov points on them.
The picture that emerges is that of a complicated arrangement of nested n-
homoclinic bifurcation curves. Most interestingly, several curves extend to
very near the curve S, and some even attach to S at points of non-central
saddle-node n-homoclinic orbits.

We now focus on what happens to the infinite number of hn-tongues when
the Belyakov points are gone, that is, the homoclinic tooth is entirely below
the curve ns. One straightforward scenario would be that all the hn curves
disappear when B1 and B2 merge. However, this is not the case here. Fig-
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ure 6.5 (b1)–(b2) shows the first tooth for α = 1.21, just as it touches the
curve ns. This is a codimension-three phenomenon in (K,ω, α)-space where
two Belyakov points coincide and then disappear when α is decreased, as is
shown in Fig. 6.5 (c1)–(c2). (The curve B of Belyakov points in (K,ω, α)-
space has a minimum.) Even though the tooth is well below the curve ns for
α = 1.0, there are still curves of n-homoclinic orbits inside it. In particular,
we find that the curves h2 and h3 are attached to S.

Our numerical investigation suggests that there are only finitely many
curves of n-homoclinic orbits for α < 1.21. To illustrate how subsequent curves
hn appear with increasing α we marked one of them with a star. For α = 1.0
[Fig. 6.5 (c2)] h2

∗ is the last homoclinic curve that just emerged from the
saddle-node bifurcation curve S. As α is increased above α = 1.0, the curve h2

∗
develops two extra noncentral-homoclinic points on S, forms a sort of bridge,
and provides space for the next homoclinic curve to emerge [Fig. 6.5 (b2)].
This process seems to repeat, such that for α > 1.21 there exist infinitely
many curves hn.

6.1.4 Multi-Pulse Excitability

The regions bounded by h2 and h3 near S appear to be large enough to be
experimentally accessible [60]. In such a region the laser exhibits multi-pulse
excitability. We remark that our study shows that this phenomenon can be
found even for surprisingly low values of α; see also [31, 62]. An example is
shown in Fig. 6.6 for α = 1.0. The phase portrait in Fig. 6.6 (a1) is as that
of region 3 in Fig. 6.2 — the laser is 1-pulse excitable. A small perturbation
above the excitability threshold, given by the stable manifold of the saddle
point, results in the laser sending out a single pulse; see Fig. 6.6 (a2). In the
region bounded by h2, on the other hand, the phase portrait is close to a
2-homoclinic orbit and the laser produces two pulses in reaction to a single
perturbation; see Fig. 6.6 (b1)–(b2). Finally, three pulses result in the region
bounded by the curve h3, as is illustrated in Fig. 6.6 (c1)–(c2). Indeed, it
is possible to find n-pulse excitability for any n, but the regions for n > 4
become impractically small.

It is important to note a key ingredient for multi-pulse excitability to
occur, namely the fact that the respective curve hn extends all the way below
ns. For the parameters above ns the hn-tongues are so narrow that they
become hard to distinguish, even numerically. Furthermore, there exist an
infinite number of unstable periodic orbits in the phase space for parameters
outside the tongues. As a result, the excitable response is often irregular and
unpredictable as the trajectory bounces between the unstable orbits before it
decides to return to the stable equilibrium. On the other hand, below ns the
tongues are easily distinguishable and the phase portraits are simpler as there
are no unstable periodic orbits. Consequently, the system can be prepared
to be well within hn (certainly for n ≤ 3) where the excitable response is
predictable and consist of a certain number of pulses.
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Fig. 6.6. Examples of multi-pulse excitability. The left column shows the phase
portrait and the right column the reaction of the laser to a small perturbation
above the excitability thresholds. Throughout α = 1.0 and from (a) to (c) (K,ω)
takes the values (0.71,−0.95), (0.745.− 1) and (0.735,−0.993). From S. Wieczorek
and B. Krauskopf, Bifurcations of n-homoclinic orbits in optically injected lasers,
Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute of Physics Publishing;
reprinted with permission.

6.1.5 Codimension-Two Homoclinic Bifurcations

We now study in considerable detail the structure and bifurcations associ-
ated with the curve h1 that forms the boundary of the homoclinic teeth.
In particular, we show that codimension-two double-homoclinic and T-point
bifurcations play a prominent role in organizing the dynamics.

Figure 6.7 shows an enlargement near the first homoclinic tooth (or what
is left of it) for α = 4.5; compare with Fig. 6.3. Notice the two points D1

and D2 where additional homoclinic bifurcation curves emerge. The phase
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portrait at D1 and D2 show that we are dealing with a codimension-two
double-homoclinic orbit [9, 40]: both branches of the unstable manifold spi-
ral back to the saddle point. This means that there are simultaneously two
individual homoclinic orbits associated with the same saddle point.

The two phase portraits at D1 and D2 are topologically equivalent and
both lie on the primary branch of the curve h1. This can be seen in the further
enlargement of the (K,ω)-plane in Fig. 6.8, where panels (a)-(e) show the 1-
homoclinic orbit in phase space at the indicated parameter points along h1.
As D2 is approached the unstable manifold forming a homoclinic orbit comes
closer and closer (from below) to the saddle and then leaves a neighborhood
of the saddle roughly along the other branch of the unstable manifold. Finally,
at D2 there are two simultaneous homoclinic orbits, one for each branch of the
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unstable manifold. Effectively, the original 1-homoclinic orbit along the curves
h1 has split into two homoclinic orbits. Notice that the curve h1 accumulates
back on itself at D2, as is also sketched in the inset of Fig. 6.8.
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This scenario agrees with what is known in the literature about the double-
homoclinic bifurcation [9, 40]. Again, not all details of this codimension-three
global bifurcation are known, but key features are as sketched in Fig. 6.9 (for
the case of a saddle focus as we encounter it here). The double-homoclinic
orbit D exists at the intersection point of two curves h1

a and h̃1 of two different
homoclinic orbits to the same saddle that contain each a different branch of
the unstable manifold of the saddle. As sketched, there is a third curve h1

b of
homoclinic orbits that accumulates on the curve h1

a. The accumulation is as
shown when the saddle quantity is larger than one [9, 40], which is the case
we encounter, because all double-homoclinic orbits occur above the curve ns.

Note that the analysis in the literature is in terms of a small tubular
neighborhood around the double-homoclinic orbits as sketched in panel D.
In this neighborhood the curves h1

a and h1
b are unrelated. However, as can

be seen in Fig. 6.8, they may be one and the same curve accumulating back
on itself. In fact, we find this to be the typical situation in system (6.1). We
finally stress that the pointsDi that we encounter here are of codimension-two
because the two simultaneous homoclinic orbits are not related by symmetry.
Unlike in the case of a codimension-one symmetric double-homoclinic orbit, it
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is possible to perturb parameters such that one of the homoclinic connections
is broken and the other persists.

In Fig. 6.7 and Fig. 6.8 we found the double-homoclinic points D1 and
D2 as the end points of the curve h1 as it accumulates on itself. However, we
know from Fig. 6.9 that there must be a curve h̃1 of a second homoclinic orbit
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crossing at Di. In order to find this new homoclinic orbit we split off the new
homoclinic orbit from the data of the approximate double-homoclinic orbit
at Di (given as the end point of the curve h1). We then follow this second
codimension-one homoclinic orbit in the (K,ω)-plane.

The result is shown in Fig. 6.10. The point D2 is indeed the intersection
point of two curves of codimension-one homoclinic orbits. The new curve h̃1

also contains D1 and has two end points. One end point is a point D3 of
a double-homoclinic orbit, which lies on the curve h̃1 itself. The other end
point is a point denoted by T1 that is reached in a spiraling fashion, as is also
sketched in the inset.

At the point T1 we encounter a bifurcation that is now generally referred
to as a T-point bifurcation. This type of codimension-two heteroclinic cycle
was studied in a general system, that is, one without any symmetry, in [9, 10]
in a tubular neighborhood around the heteroclinic orbits at the T -point. Note
that the T-point bifurcation is often associated with vector fields that have
the Z2-symmetry of a rotation by π around an invariant axis. In this case,
the heteroclinic cycle involves two saddle-foci, which are each others images
under the symmetry, and the origin (more generally, a point in the invariant
subspace of the symmetry), which is also a saddle-focus. This Z2-symmetric
T-point bifurcation was initially found and studied in the Lorenz system [22],
but also occurs in other systems with rotational symmetry, such as an optically
pumped three-level laser [20], an electronic oscillator [19], and a semiconductor
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laser with phase-conjugate feedback [26]. It was recently also discovered in
systems with the Z2-symmetry of point-reflection [2, 32]; see also Chap. 7.

What we find is a general T-point bifurcation (that is, in a system without
symmetry) for the case that both saddles involved are of saddle foci. The
approach to the point T is illustrated in Fig. 6.10(a)–(e) with images of the
1-homoclinic orbit in phase space at the indicated parameter points along the
curve h̃1.

The situation (a part of the bifurcation diagram near a T-point) is sketched
in Fig. 6.11. As the point T is approached along h1, the homoclinic orbit ap-
proaches a second saddle focus, passing closer and closer by the saddle. At
the point T1 there are two heteroclinic connections: a codimension-two hetero-
clinic connection (black) where the one-dimensional unstable manifold of the
first saddle coincides with the one-dimensional stable manifold of the second
saddle, and a generic (codimension-zero) heteroclinic connection (gray), given
as the intersection curve of the two-dimensional stable manifold of the first
saddle and the two-dimensional stable manifold of the second saddle.

According to general theory [9, 10] there must exist a second spiraling
curve of homoclinic connection to the other (lower) saddle, leading to another
curve in parameter space that spirals into T1. Furthermore, it is known that
there are many more curves of n-homoclinic bifurcations, which pass close
to the saddles an arbitrary number of times. We did not attempt to find
all these bifurcation curves, but instead concentrated on the structure of 1-
homoclinic bifurcation curves. Nevertheless, the injection laser appears to be
a good model in which to study global bifurcations near T-point bifurcations
in more detail.

The bifurcation diagram in Fig. 6.10 is still quite incomplete. The curve h̃1

of homoclinic orbits also accumulates on itself at D3. So, as we did near the
double-homoclinic point D1, we find and follow the second codimension-one
homoclinic that must exist near D3. This gives the continuation of the curve
h1 shown in Fig. 6.12, which ends at the point D1. Furthermore, we followed
from near T1 the codimension-one homoclinic orbit of the (upper) saddle point
to lower values of α (see already Fig. 6.13), where we discovered a second T-
point bifurcation T2. We then followed this T-point back to α = 4.5. As can
be seen in Fig. 6.12, the point T2 is the end point of two spirals. In fact both
spirals turn out to belong to one and the same closed curve of codimension-one
two-homoclinic orbit h̃2 as is illustrated by the sketch in the inset.

The bifurcation diagram in Fig. 6.12 is quite intricate: it involves several
double-homoclinic and T-point bifurcations. Unraveling it required detailed
numerical continuation with HomCont, guided by theoretical knowledge of
which homoclinic orbits are possible near the different codimension-two points.
We finally remark, that Fig. 6.12 shows a ‘skeleton’ consisting of curves of 1-
homoclinic bifurcations. Indeed the existence of the T-points suggests that
there are n-homoclinic orbits for arbitrary n.
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6.1.6 Folds of Codimension-Two Homoclinic Bifurcation Curves

We know from Fig. 6.3 that the complicated structure of codimension-two
bifurcations in Fig. 6.12 is not present for smaller values of α. The question
arises of how it disappears.

It turns out that an important ingredient in this change of the bifurca-
tion diagram are minima (more generally, a fold) with respect to α of certain
curves of codimension-two homoclinic bifurcations in the three-dimensional
(K,ω, α)-space. This phenomenon is of codimension three, where one codi-
mension is due to the fold with respect to α. The other two codimensions
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are due to the special object in phase space, in this case a codimension-two
homoclinic bifurcation. One might speak of a codimension-two-plus-one event
to distinguish it from codimension-three bifurcations, where all codimensions
are due to a codimension-three object in phase space.

We already encountered this phenomenon in the creation and disappear-
ance of points of codimension-two saddle-node homoclinic bifurcation (see the
folds with respect to α in Fig. 6.4) and in the creation, with increasing α, of
Belyakov points in the tangency between the curves ns and h1 (see Fig. 6.5).
In this section we consider two other examples, namely a fold of a curve of
T-point bifurcations and a fold of a curve of double-homoclinic bifurcations.
As we will see now, in both these examples the fold of the codimension-two
curve is accumulated by singularities in associated surfaces of codimension-one
global bifurcations.

We first consider the case of T-point bifurcations. Figure 6.14 shows what
happens to the points T1 and T2 of T-point bifurcations as α is decreased. After
the disappearance of the point D3, the points T1 and T2 move closer and closer
to each other. There are a number of codimension-three events where the spiral
around T1 touches that around T2. Each such event leads to a new closed curve
surrounding both T1 and T2 and the curve of homoclinic orbits connecting T1
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and T2, as in Fig. 6.14 (c). This process continues until the points T1 and
T2 finally coincide, leaving behind a number of closed concentric curves of
homoclinic orbits, as in Fig. 6.14 (d). These closed curves then disappear one
by one as α is decreased further. (We remark that this phenomenon has been
found independently in [2] in the Z2-symmetric Chua’s circuit with a cubic
nonlinearity; see also Chap. 7.) Finding this transition numerically was quite a
challenge because the curves involved are no longer connected. We succeeded
by starting from suitable points and continuing the respective homoclinic orbit
in α.

The individual changes in the structure of the curve h̃1 are due to a classical
singularity, namely the passage through an α-degenerate point. At such a
point, the tangent space to the h̃1 surface in (K,ω, α)-space does not have
an α-component (the derivative with respect to α is zero). There are two
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Fig. 6.15. In the (K,ω, α)-space the curve of T -point bifurcation is surrounded by
a surface of homoclinic bifurcation h̃1 that spirals onto the T -curve; compare with
Fig. 6.14. From S. Wieczorek and B. Krauskopf, Bifurcations of n-homoclinic orbits
in optically injected lasers, Nonlinearity 18(3) (2005) 1095–1120 c© 2005 by Institute
of Physics Publishing; reprinted with permission.

cases depending on the index of the α-degenerate point, namely the transition
through a saddle and the transition through an extremum. Note that these
singularities are also called the simple bifurcation and the isola bifurcation;
see, for example, [23] for details.

This explanation in terms of singularity theory is a consequence of the
geometry of bifurcation surfaces and curves in (K,ω, α)-space. In fact, the
whole sequence of events of T1 and T2 coming together and disappearing can
be nicely explained with the sketch in Fig. 6.15 of how the surface h̃1 of
homoclinic bifurcations spirals around the curve T of T-point bifurcations.
The curve of T-point bifurcations is a smooth curve with a minimum with
respect to α, and it is surrounded by a surface of codimension-one homoclinic
bifurcations that spirals towards this curve. The panels in Fig. 6.14 are two-
dimensional cross sections for fixed α through this surface. If α is large enough,
the curve T is intersected in two points T1 and T2 and the spiraling near these
two points must be clockwise and counter-clockwise, respectively. The inter-
section of the surface with the section is a single curve for sufficiently large
α. However, nearer the minimum of the curve T the surface has α-degenerate
points where its tangent space does not have an α-component. Passing through
each such point constitutes a basic codimension-one singularity of the surface
of homoclinic bifurcations. More precisely, above the minimum of the curve T
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there are infinitely many passages through saddles, which accumulate on the
minimum of the curve T . Globally, this creates the closed concentric curves
by connecting the respective homoclinic curves in a different way. Below the
minimum of T , on the other hand, each concentric circle disappears by con-
tracting to a single point, which is the passage through an extremum (with
respect to a parameter, in this case α) in a two-dimensional surface h̃1. We fi-
nally remark that it would be quite a challenge to produce a numerical picture
of the surface sketched in Fig. 6.15.

Our second example is the merging and disappearance of the points D1

and D2 as α is decreased from α = 4.5 to α = 4.0. Figure 6.16 shows four
numerical bifurcation diagrams in this transition. As the points D1 and D2

are moving closer together we again encounter a passage through a saddle
point. This happens between panels (a) and (b) of Fig. 6.16 and it leads to a
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change in how the curves h1 in the cross section in the (K,ω)-plane connect.
After this event, the curve h1 in Fig. 6.16(b) connects the two points D1

and D2. In a further passage through a saddle point the curve h1 pinches
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off to create an isola, which is the situation shown in Fig. 6.16(c). In fact,
the isola is very close to the new connection between D1 and D2. Numerical
continuation suggests that more and more isolas are formed as D1 and D2

come closer together. These isolas then disappear in passages through minima.
Furthermore, α passes through the minimum of the D curve in the (K,ω, α)-
space. As a result, the curves h̃1 and h1 in Fig. 6.16(d) no longer intersect
and the points D1 and D2 have disappeared.

To clarify the situation, we sketch the transition leading to the disappear-
ance of D1 and D2 in Fig. 6.17. It can again be understood by the geometry
of bifurcation surfaces in (K,ω, α)-space, which in this case are organized
around a minimum (with respect to α) of the curve D of double-homoclinic
bifurcations. Figure 6.17(a)–(c) and (f) are topologically as the numerical
bifurcation diagrams in Fig. 6.16(a)–(d), respectively. We remark that it be-
comes more and more difficult to resolve numerically the different, small and
disjoint intersection curves of the surface h1 in (K,ω, α)-space. The sketches
in Fig. 6.17(d) and (e) are based on our numerical investigations, and indicate
how the transition appears to take place. However, the exact details, in partic-
ular, the order in which isolas are created and shrink to points and disappear
is yet unknown. Our continuation study suggests the basic ingredients of this
transition and can reveal some of the first steps in the specific transition at
hand. This scenario agrees with what is known about the (local) codimension-
two bifurcation diagrams near a double-homoclinic bifurcation as sketched in
Fig. 6.9, but a complete study of this codimension-two-plus-one phenomenon
remains a challenge.

The fact that we encounter minima in curves T and D confirms the experi-
ence from simulations and experiments that the dynamics and the bifurcation
diagram of the injected laser become more complicated as the line-width en-
hancement factor α is increased [59]. Indeed, when α is increased past these
minima extra organizing centers, T-points or double homoclinic bifurcation
points, are born. These events are associated with infinitely many transitions
through saddles and extrema in surfaces of global bifurcations. Furthermore,
general theory shows that the emerging T-points or double homoclinic bifur-
cation points are organizing centers that give rise to n-homoclinic orbits for
any n.

6.1.7 A Self-Similar Cascade Phenomenon

As a final example of the increase in the complexity with α we show in Fig. 6.18
the bifurcation diagram in the (K,ω)-plane for α = 6.0 near the point G1.
Notice that we only show the different parts of the curve h1 of one-homoclinic
orbits, which form what is left from the left most homoclinic tooth near G1;
compare with Fig. 6.3(f). Near the points D1 and D2, that were already found
for α = 4.5, we find two new points D4 and D5; compare with Fig. 6.7. The
different bifurcation curves are very close together, and the inset shows a
topological sketch of the bifurcation diagram. Notice further that two extra
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double-homoclinic bifurcation points D6 and D7 have just been created in the
same way as D1 and D2 previously. This is another example of the passage
through a minimum of a curve D of double-homoclinic orbits; compare with
Fig. 6.7.

Figure 6.18 shows that in the injected laser we are dealing with a type of
cascade phenomenon: complicated bifurcation scenarios found for one tooth
also occur for all the other teeth when α is increased.

6.1.8 Concluding Remarks on Injected Lasers

This section presented a detailed study of the bifurcations of n-homoclinic
orbits in the rate equations describing a semiconductor laser with optical in-
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jection. The corresponding curves of n-homoclinic bifurcations are organized
in what we call homoclinic teeth, experimentally accessible regions inside the
locking region of the laser. The analysis of the bifurcation diagram from a
global viewpoint proved to provide new insight into the nature of global bifur-
cations and allowed us to identify a cascade phenomenon where complicated
bifurcation scenarios repeat for subsequent homoclinic teeth.

The injection laser rate equations emerged as a concrete vector field in
which complicated global bifurcations can be found and studied. Specifically,
we found in this three-dimensional vector field (without any additional sym-
metries) T-point bifurcations and double-homoclinic orbits. By making exten-
sive use of continuation techniques for homoclinic and heteroclinic orbits, it is
possible to study these codimension-two global bifurcations themselves, and
also to find out how they organize the corresponding bifurcation diagrams.

When changing a third parameter, we found a new phenomenon, namely
complicated transitions in two-parameter bifurcation diagrams that are due to
folds (in this case, minima) in codimension-two curves of global bifurcations.
These ‘codimension-two-plus-one events’ come with accumulations of singu-
larity transitions through saddles and extrema, which can be explained by the
geometry of surfaces of global bifurcations in a three-dimensional parameters
space. Our results raise a number of questions of bifurcation theory. In par-
ticular, a detailed study of the unfoldings of the ‘codimension-two-plus-one
events’ remains a challenging task.

From the physical point of view, we presented here how the regions in which
one may find multi-pulse excitability depend on the linewidth-enhancement
factor α. Our results confirm that the dynamics and bifurcations of an in-
jected laser are more complex the larger the linewidth enhancement factor α.
Most importantly, they stimulated new laser experiments. The already demon-
strated good agreement between theory and experiment on the level of local
bifurcations in the injection laser [65, 66] has now been extended to global
bifurcations such as the ones described here. In fact, the predicted effect of
multi-pulse excitability was recently measured independently by two different
groups [8, 25].

6.2 Phase-Locking Anomaly in Two Back-to-Back

Coupled Lasers

This section is based on [53, 54] and concerned with the dynamics and bifur-
cations of two coupled lasers. We model the system with spatial composite-
cavity modes that describe the entire coupled-laser structure [13, 43]. This is
in contrast to the more usual approach of modeling the individual uncoupled
lasers and then introducing the coupling via ad-hoc terms in the equations of
motion.

It is generally believed that the transition from weakly-coupled to totally
isolated lasers occurs smoothly. This means that, as the coupling approaches
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Fig. 6.19. Two back-to-back coupled lasers (top), and a pair of composite-cavity
modes (bottom).

zero, there is an uninterrupted vanishing of the detuning range over which
phase-locking is achieved. We show here that there is an anomaly in the tran-
sition from coupled to totally isolated lasers. Namely, this transition does not
occur smoothly but is interrupted with the occurrence of instabilities and even
chaotic dynamics. Importantly, there exists an open interval of the coupling
strength where phase locking is impossible at any detuning.

To understand these counter-intuitive phenomena we study in detail
two-dimensional bifurcation diagrams in the plane of laser detuning and
coupling strength for different values of the linewidth enhancement factor
α; see Sect. 6.1.1. The analysis reveals various codimension-two bifurca-
tions including saddle-node-Hopf and generalized Hopf bifurcations, 1:1 and
1:2 resonances, and homoclinic-doubling points. In particular, we identify
codimension-three bifurcations leading to the appearance of a gap in the
phase-locking region with increasing α. Furthermore, we perform a detailed
study of bifurcations of periodic orbits, and specifically their origins and mu-
tual connections, to show how the gap is gradually occupied by instabilities
and chaos with increasing α.
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6.2.1 Composite-Cavity Description of Two Back-to-Back Coupled
Lasers

We consider two laser cavities with instantaneous (no time delay) coupling:
cavity A of length L is coupled via a common mirror of transmission T to
cavity B of length L + dL; see Fig. 6.19. For the consistent description of
coupling and optical nonlinearities, we expand the spatiotemporal laser field
E(z, t) in terms of standing waves un(z) for the entire double-cavity cavity
structure [13, 43, 53]

E(z, t) =
1

2

∑

j

[

Ej(t)e
−iΨj(t)uj(z) + c.c.

]

. (6.2)

Such standing waves are called composite-cavity modes. This is in contrast
to the usual approach that neglects spatial effects in the coupling. Notice,
that in the composite-cavity-mode picture, the resulting equations describe
interaction of composite-cavity modes rather than individual lasers [52].

Mathematically, the situation is described by a system of two globally cou-
pled oscillators that can be described by the set of five autonomous ordinary
differential equations

Ėj = −γEj + Cjjγ ×
∑

k=1,2

{

[CAkj(1 + βNA) + CBkj(1 + βNB)] cos(ψkj)

−αβ[CAkj(1 +NA) + CBkj(1 +NB)] sin(ψkj)
}

Ek, (6.3)

Ψ̇j = Ωj + Cjjγ ×
∑

k=1,2

{

αβ[CAkj(1 +NA) + CBkj(1 +NB)] cos(ψkj)

+[CAkj(1 + βNA) + CBkj(1 + βNB)] sin(ψkj)
}Ek
Ej

, (6.4)

ṄA/B = Λ− (NA/B + 1) −
∑

k,j=1,2

C
A/B
kj (1 + βNA/B) cos(ψkj)EkEj , (6.5)

where j = 1, 2 and ψkj = Ψk − Ψj is the phase difference between mode
k and mode j. (Note that it is sufficient to consider the equation for the
phase difference ψ12 between the two electric fields.) Equations (6.4)–(6.5)
are coupled to the algebraic constraints

sin

[
Ωj
c
nb(2L+ dL)

]

= 2

√
1 − T

T
sin

[
Ωj
c
nbL

]

sin

[
Ωj
c
nb(L+ dL)

]

, (6.6)
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
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


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)
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Aj sin

(
Ωj
c
nbL

)

= −Bj sin

[
Ωj
c
nb(L+ dL)

]

, (6.8)

CAjk(T, dL) =
1

L

∫ 0

−L
dzuj(z)uk(z), (6.9)

CBjk(T, dL) =
1

L

∫ L+dL

0

dzuj(z)uk(z). (6.10)

Differential equations (6.3)–(6.5) describe the time evolution of the real field
amplitudes E1 and E2 of the composite-cavity modes, their phase difference
ψ12, and the population inversion in lasers A (NA) and B (NB). The modal
frequencies Ω1 and Ω2 are determined from the transcendental equation (6.6),
the modal amplitudes A1/2 and B1/2 are determined from (6.7)–(6.8), and the
coupling coefficients CAjk and CBjk are determined from the spatial overlap of
the composite-cavity modes; see (6.9)–(6.10). More details on the derivation of
the model, algebraic constraints, and dimensionless parameters can be found
in [13, 52, 53].

The aim is to calculate two-dimensional bifurcation diagrams of system
(6.3)–(6.5) in the (T, dL)-plane for different fixed values of the linewidth en-
hancement factor α. For the other parameters we chose the realistic values,
namely for the refractive index nb = 3.4, for the dimensionless gain coefficient
β = 9.82, for the dimensionless excitation rate Λ = 2 in cavity A and B, and
for the ratio of the composite-cavity and population decay rates γ = 10. Be-
cause of the nature of the model, the bifurcation analysis of the coupled-laser
system is not as straightforward as in the case of the optically injected laser
in Sect. 6.1. The two main issues are:

1. the coupling parameters (which are the main bifurcation parameters)
namely, the coupling-mirror transmission T and the cavity-length mis-
match dL, appear in (6.3)–(6.5) implicitly through the modal frequencies
Ω1 and Ω2 and integrals CAjk and CBjk as described by (6.6)–(6.10);

2. the system has two types of periodic solutions: those where the phase
difference ψ12 is bounded within a 2π interval, and those where ψ12 is
unbounded, that is, ψ12(t) is periodic modulo 2π; the latter oscillations
are also called rotations [16].

The first issue can be overcome by appending the algebraic constraints (6.6)–
(6.10) to the system of ODEs (6.3)–(6.5) and solving the extended system,
that is, by performing continuation of solutions to (6.3)–(6.5) and (6.6)–(6.10)
simultaneously. The second issue becomes problematic only near transitions
between periodic solutions with bounded and unbounded phase. (Each indi-
vidual type of periodic solution is readily continued with Auto.) Such transi-
tions are common near interesting phenomena (e.g., codimension-two saddle-
node-Hopf points with re-injection) and may cause technical inconvenience.
This issue can be overcome in the case of two laser modes by appropriate
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change of variables [46]. However, it remains an interesting issue for the bi-
furcation analysis of multi-mode lasers where phase relations between more
than two individual modes need to be taken into account.

6.2.2 Symmetry Properties

It is interesting to discuss symmetries in the presence of two composite-cavity
modes. Because each composite mode has different spatial overlap with the
active media there is no perfect symmetry in the system of coupled-cavity
lasers. However, for long (compared to the wavelength λ = 1µm) cavities this
difference is small enough so that the system appears to have some symmetries.
If L ≫ λ (this works well already when L ∼ 10λ), we have that CAjj ≃ CBkk,

and CAjk ≃ −CBjk for j 6= k . Furthermore, if L ≫ λ and dL ∼ λ we have

that the symmetry (CAjj , dL) → (CBjj ,−dL). One consequence of the above

relations is the (approximate) reflection symmetry (ψkj , N
A, NB , α, Λ, dL) →

(ψkj ± π,NB , NA, α, Λ,−dL). Hence, the bifurcation diagram in the (T, dL)
plane can be symmetric with respect to the change dL → −dL, provided that
both lasers have equal excitation rates Λ and equal linewidth enhancement
factors α.

Another consequence is the symmetry in the phase space. Under the as-
sumption of equally pumped lasers, equal losses for both composite-modes,
and zero linewidth enhancement factor α = 0, if {E0

1 , E
0
2 , ψ

0
12, N

0
A, N

0
B} is an

equilibrium, then we notice that {E0
1 , E

0
2 , ψ

0
12 ± π,N0

B , N
0
A} is an equilibrium

too. Each of the two points may sometimes be associated with lasing at a
single composite-cavity mode. Whether both of them are stable at the same
time depends on the competition between the composite-cavity modes. Strong
competition results in bistability between these two equilibria [42].

6.2.3 Chaos in Practically Isolated Microcavity Lasers

In recent studies focusing on coupled lasers little attention has been devoted
to dynamical properties of practically uncoupled lasers, although such lasers
are encountered in a wide range of applications. By practically uncoupled or
isolated lasers, we mean two or more lasers where the desire is for the lasers
to operate totally independent of one another, while in practice, only partial
isolation is possible. Practically isolated lasers are encountered in the modern
technology of micro-optical circuits, where one faces the problem of reducing
cross-talk between laser diodes that are densely integrated onto a single chip.

Figure 6.20 depicts the bifurcation diagram in the (T, dL)-plane for two
microcavities described by (6.3)–(6.5) with L = 2.8µm and α = 2, where su-
percritical bifurcations are plotted as solid curves, and subcritical bifurcations
as dashed curves. Phase-locking of lasers corresponds to the situation where
both lasers emit light of constant intensities and the same frequency. This
can be achieved in two ways: through phase locking of the composite-cavity
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Fig. 6.20. Bifurcation diagram of (6.3)–(6.5) in the (T, dL/λ)-plane of coupled
microcavity lasers (a), and an enlargement for very small T (b). From S. Wieczorek
and W.W. Chow, Chaos in practically-isolated microcavity lasers, Phys. Rev. Lett. 92
(2004) 213901 c© 2004 by the American Physical Society; reprinted with permission.

modes or when both lasers operate at a single composite-cavity mode. In the
{E1, E2, ψ12, NA, NB} phase space, phase locking is represented by an equilib-
rium. The phase-locking region in Fig. 6.20(a), where the lasers operate with
a single composite-cavity mode, is indicated by the region between the two
supercritical branches of Hopf bifurcation curve H. The locked state is lost
when H is crossed towards higher values of |dL|. No other transition is visible
at this scale and the general features at moderate coupling are similar to what
is generally expected. The transition from weakly-coupled to totally isolated
lasers appears to occur smoothly, i.e., with an uninterrupted vanishing of the
phase locking region, as the coupling approaches zero.

However, the coupled-laser behavior contains an anomaly, whose presence
is only noticeable with significant magnification of the (T, dL) parameter space
in the vicinity of the origin as shown in Fig. 6.20(b). There, we find the curves
of saddle-node and Hopf bifurcation, S and H, respectively. These curves are
tangent at four codimension-two saddle-node-Hopf points where they change
from sub- to super-critical. These saddle-node-Hopf points are often origins of
complex bifurcation structures that give rise to chaos [33]. Starting from the
right, the phase-locking region closes near G+

2 and G−
2 where the two branches

of S merge. Phase-locking reappears at G+
1 and G−

1 and ends at the origin
of the (T, dL)-plane. In the notation of [33] G1 and G2 belong to different
types of saddle-node-Hopf points. Both types are associated with a complex
web of bifurcations roughly indicated by the shaded region in Fig. 6.20(b)
and studied in more detail in the next section. As the coupling approaches
zero, one expects the oscillators to be more independent. Instead, they start
interacting in a most complicated way and exhibit mutually induced chaotic
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oscillations. An interesting question arises as to the origin of this intriguing
and counter-intuitive example of coupled nonlinear-oscillator behavior.

6.2.4 Origin of the Interrupted Phase-Locking Region

To explore the dependence of the coupled-laser instabilities on the resonator
length L, and to avoid technical difficulties associated with continuation of
bifurcation curves across eight orders of magnitude in T (see Fig. 6.20) we
now consider longer laser cavities with L = 280µm.

Bifurcations of Equilibria for α = 0

The case of α = 0 is highly degenerate and has an uninterrupted phase-
locking range as is shown in Fig. 6.21. The two composite-cavity modes are in
strong competition leading to bistable locking range. Saddle-node and Hopf
bifurcations associated with both stationary points are tangent at T ≈ 0.027,
at four codimension-two saddle-node-Hopf points. Starting inside the locking
range and increasing |dL|, the locking is lost either via saddle-node bifurcation
(T < 0.027) or via Hopf bifurcation (T > 0.027). Although there are two
different bifurcations responsible for the locking-unlocking transition, one can
distinguish three different locking-unlocking mechanisms.

For T < 0.027 each of the two bifurcating stable equilibria has contri-
butions from both composite modes; see Fig. 6.21(a). Here, frequency sep-
aration of the two composite-cavity modes is small, and the laser locking-
unlocking transition is a transition between two composite-cavity modes which
are phase-locked and two composite-cavity modes which are phase-unlocked.
Locking of the lasers arises from phase-locking of the composite-cavity modes.
In the {E1, E2, ψ12, NA, NB} space this is represented by two (there is bistabil-
ity) saddle-node bifurcations of equilibria that take place on a single periodic
orbit. Unlocked operation is represented by a single stable periodic orbit.

For T > 0.15, each of the two bifurcating stable equilibria has a large
contribution from one composite mode, and a vanishing contribution from the
other composite mode. The laser locking-unlocking transition is a transition
between a single composite-cavity mode (see Fig. 6.21(a)) and two phase-
unlocked composite-cavity modes. Locking of the lasers arises from strong
competition (owing to strong cross-saturation) between the two composite
modes [13, 52]. In the {E1, E2, ψ12, NA, NB} space, this is represented by two
supercritical Hopf bifurcations leading to two stable periodic orbits. It also
involves saddle-node bifurcation of periodic orbits in which one of these stable
orbits disappears. Consequently, unlocked operation is represented by a single
stable periodic orbit [53] and no instabilities appear with increasing |dL|.

The most interesting region lies in between the two, near the points
G±
j , where neither the composite-mode phase-locking nor the competing



210 Sebastian M Wieczorek

0

0.25

0.5

0.75

1

-1

0

1

0

0.5

1

1.5

2

0.25

0.5

0.75

1

0

0.5

1

1.5

2

(a) (b)

T
dL/λ
[10−2]

E2
a E2

s

0

0.5

1

1.5

2

H

H

S G−

2

G+

2

G−

1

G+

1

0.2 0.4 0.6 0.8 1

-1.5

-1

-0.5

0

0.5

1

1.5

T

d
L

 /
λ

[1
0

  
  

]
−

2

H

H

S

S

G+

1, 2

G−

1, 2

Fig. 6.21. Bifurcations of equilibria of (6.3)–(6.5), shown as a three-dimensional
bifurcation diagram in the (T, dL/λ,E2

1/2)-space (a), and as a projection onto the
(T, dL/λ)-plane (b). The supercritical parts (darker solid curves) of the saddle-
node bifurcation curve S (blue) and the Hopf bifurcation curve H (red) bound the
phase-locking region. S and H are tangent and change from super- to subcritical at
codimension-two saddle-node-Hopf points G±

j . From S. Wieczorek and W.W. Chow,
Global view of nonlinear dynamics in coupled-cavity lasers-a bifurcation study, Opt.
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composite-cavity-mode description is valid. This is where the beat note fre-
quency ψ̇12 comes close to the laser’s characteristic relaxation oscillation fre-
quency, which is known to give rise to nonlinear resonances and chaos. For
0.027 < T < 0.1, starting within the phase-locking region, locking of the lasers
is lost via undamping of the relaxation oscillation at a Hopf bifurcation. The
two stable stationary points become unstable and each of them gives rise to
one stable periodic orbit. Outside the phase-locking region and near G±

j , these
two periodic orbits (bistability in unlocked operation) encounter instabilities
leading to complicated dynamics and chaos. It is interesting to note that, as T
increases, the transition between the first and the second locking mechanism
is clear cut, indicated by G±

j . On the other hand, the transition between the
second and the third locking mechanism happens continuously and involves
saddle-node bifurcation of periodic-orbits.

As a result of the degeneracy of the case α = 0, in the projection of the
bifurcation diagram onto the (T, dL/λ) plane shown in Fig. 6.21(b) bifurca-
tions of different stationary states appear as a single curve or point. How can
this degeneracy be removed?

Influence of α on Bifurcations of Equilibria

To explore the dynamics of different types of lasers and to understand how
qualitative differences in the behavior of different lasers come about, we focus
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our attention on the evolution of the phase-locking region with increasing α.
The two phase-locking regions in Fig. 6.22, associated with the two stable
equilibria, are distinguished by left-inclined and right-inclined patterning, re-
spectively. Let us recall that bifurcation theory predicts four different types
of saddle-node Hopf points. All four points G±

j from Fig. 6.22(a) are of type
IV in the notation from [33].

Increasing α above zero unfolds the otherwise degenerate bifurcation di-
agram in Fig. 6.22(a) so that for nonzero α neither bifurcation curves nor
G±

1 and G±
2 fully overlap any longer [Fig. 6.22(b)]. One phase-locking re-

gion, associated with G+
1 and G−

1 , expands along the dL/λ axis and moves in
the direction of lower values of T . The other phase-locking region, associated
with G+

2 and G−
2 , moves together with G+

2 and G−
2 in the direction of higher

values of T . Furthermore, the phase-locking region associated with G+
1 and

G−
1 is no longer bounded by the entirely supercritical Hopf bifurcation curve.

Codimension-two generalized-Hopf bifurcation points Hg appear where the
Hopf curve changes from supercritical to subcritical. Throughout the range
of α under consideration, the type of G+

2 and G−
2 remains unchanged. On the

other hand, G+
1 and G−

1 change from type IV to type III (in the notation
from [33]) at α ≃ 0.5. The bifurcation diagram in Fig. 6.22(c) shows that the
curve H has a cusp at G+

1 and G−
1 which makes this a very special point,

namely a bifurcation of codimension at least three. During the change in the
type of G+

1 and G−
1 the two associated branches of H, one supercritical and

the other subcritical, locally exchange their order. This has important conse-
quences to where the chaotic dynamics associated with G±

1 appear; see the
next subsection for explanation. Increasing α further results in less overlap
between the two phase-locking regions to the point where they no longer coa-
lesce [Fig. 6.22(d)]. At α = 1 the two phase-locking regions are well separated
and a gap appears where the coupled-cavity lasers never lock. This gap in-
creases with further increase of α [Fig. 6.22(e)] so that for α = 3 there are
two distinct phase-locking regions [Fig. 6.22(f)], one at low coupling-mirror
transmissions 0 < T < 0.01 and the other at relatively high coupling-mirror
transmissions 0.45 < T < 1. Furthermore, the generalized Hopf points Hg

are gone and both phase-locking regions are again bounded by the entirely
supercritical parts of S and H.

Bifurcations of Periodic Orbits

The next question concerns nonlinear oscillations for parameter settings
within the gap between the two phase-locking regions. In a coupled-cavity
laser periodic orbits emerge along Hopf bifurcation curves H, along curves S
of global saddle-node homoclinic bifurcation, and along homoclinic bifurcation
curves h. In particular, we already identified two types of codimension-two bi-
furcations, namely saddle-node-Hopf points G±

j and generalized Hopf points
Hg. Both are sources of bifurcations of periodic orbits and, hence, starting
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Fig. 6.22. Phase-locking region of (6.3)–(6.5) in the (T, dL/λ)-plane for different
values of the linewidth enhancement factor α. S and H are tangent and change
from supercritical to subcritical at codimension-two saddle-node-Hopf points G±

j .
H also changes from supercritical to subcritical at generalized Hopf points Hg. The
color coding is as in Fig. 6.21. From S. Wieczorek and W.W. Chow, Global view
of nonlinear dynamics in coupled-cavity lasers-a bifurcation study, Opt. Comm.,
246(4–6) (2005) 471–493 c© 2004 by Elsevier Science; reprinted with permission.
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points for further analysis. Note that in the plots of curves of bifurcations of
periodic orbits we do not distinguish between super- and subcritical parts.

As expected from general theory [33], there is a torus bifurcation curve
T emerging from each point G±

j [Fig. 6.23(a)]. Only two of four T curves
are visible (since the case α = 0 is degenerate). These torus curves involve
two frequencies, the relaxation oscillation frequency and the inter-mode fre-
quency. They are associated with a resonance tongue structure (not shown
here) and denote the onset of either quasiperiodic (parameter settings be-
tween the tongues) or periodic oscillations (parameter settings within a res-
onance tongue) when the solid black curves T are crossed from the right to
the left [38]. Also, they signal the appearance of chaos via the break-up of a
2-torus when the resonance tongues start to overlap. The curves T terminate
at 1:2 resonance points [33, Sec. 9.5.3] where they connect to period-doubling
curves PD1. The PD1 curves are the first steps in an infinite period-doubling
cascade to chaos [18]. The secondary period-doubling curves PDn>1 may be
arranged in nested or unnested islands of period-doublings [61]. In either
case, period-doubling islands are associated with chaotic dynamics. One of
the period-doubling curves from Fig. 6.23(a) does not form a closed loop but
terminates at two homoclinic-doubling bifurcation points B1 [39]. Further-
more, there is a non-degenerate saddle-node-of-periodic-orbit curve SL where
one of the two stable periodic orbits, born along the degenerate H curve, dis-
appears. The overall dynamical picture for α = 0 consists of the uninterrupted
bistable phase-locking region and complicated, sometimes chaotic, dynamics
found outside of the phase-locking region and near the points G±

j .
When α is increased from zero [Fig. 6.23(b)], the degenerate bifurcation

diagram unfolds and one clearly sees four torus curves connecting to period-
doubling curves at four 1:2 resonance points. Interestingly, regions of compli-
cated dynamics associated with G±

2 start to overlap with the phase-locking
region associated with G±

1 . There, depending on the initial condition, the
coupled lasers may either be phase-locked or exhibit complicated unlocked
oscillations. At the generalized Hopf points Hg, the curve SL attaches to the
supercritical branches of H emerging from G+

1 and G−
1 , causing the curves H

to change from supercritical to subcritical. Stable periodic orbits born along
these supercritical branches of H disappear at SL.

Increasing α further results in no qualitative changes to saddle-node Hopf
points G±

2 nor associated torus and period-doubling bifurcations. As the gap
between the two phase-locking regions appears [Fig. 6.23(c)–(f)], the points
G±

2 move in the direction of higher values of T . Concurrently, the two torus
curves T emerging from G+

2 and G−
2 are ‘dragged along’, causing the two

attached period-doubling cascades to shift into the gap between the two phase-
locking regions. On the other hand, a number of qualitative changes takes
place near G±

1 . For α < 0.5, bifurcations of periodic orbits emerging from G±
1

evolve in the direction of increasing |dL/λ|. Near α = 0.5, the type of G+
1 and

G−
1 changes.



214 Sebastian M Wieczorek

0.01 0.02 0.03 0.04

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

0.02 0.04 0.06

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.04 0.08 0.12

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.04 0.08 0.12

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

0.05 0.1 0.15

-1.5

-1

-0.5

0

0.5

1

1.5

2

0.05 0.1 0.15

-3

-2

-1

0

1

2

3

G
+

1,2

G
−

1,2

H

S

SL

SL

B1

B1

h

T

T

PD1

PD1

1:2

1:2

G
+

2

G
−

2

G
+

1

G
−

1

SL

SL

H

H

B1

B1

h

h

T

T

PD1

PD1

PD1

PD1

1:2

1:2

1:2

1:2
Hg

Hg

G
+

2

G
−

2

G
+

1

G
−

1

H

S

H

T

T

PD1

PD1

PD1

1:2

1:2

Hg

Hg

SL

SL

G
+

2

G
−

2

G
+

1

G
−

1

T

T

PD1

PD1

SL

1:2

1:2

Hg

Hg

1:2

1:2

H

S

G
+

1

G
−

1
1:2

1:2

1:2

T

T

PD1

PD1

PD1

HS

Hg

Hg

G
+

1

G
−

1

1:2

1:2

1:2

1:2
T

T

PD1

PD1

PD1

HS

(a) α = 0 (b) α = 0.3

(c) α = 0.5 (d) α = 1

(e) α = 2 (f) α = 3

d
L

 /
λ

[1
0

  
  

]
−

2
d

L
 /

λ
[1

0
  

  
]

−
2

d
L

 /
λ

[1
0

  
  

]
−

2

T T

Fig. 6.23. Bifurcation diagram of (6.3)–(6.5) in the (T, dL/λ) plane for different
values of the linewidth enhancement factor α. Period-doubling bifurcation curves
PD are in green, saddle-node bifurcation of periodic orbit curves SL are in brown,
torus bifurcation curves T are in solid black, and homoclinic bifurcation curves h
are in dotted black. From S. Wieczorek and W.W. Chow, Global view of nonlinear
dynamics in coupled-cavity lasers-a bifurcation study, Opt. Comm., 246(4–6) (2005)
471–493 c© 2004 by Elsevier Science; reprinted with permission.



6 Global Bifurcation Analysis in Laser Systems 215

0.018 0.019 0.02 0.021

0.3

0.31

0.32

0.33

0.34

0.015 0.017 0.019

0.405

0.41

0.415

0.011 0.013 0.015

0.5

0.55

0.6

0.65

0.012 0.014 0.016

1.05

1.1

1.15

1.2

1.25

1.3

1.35

G
+

1

H
S

T

G
+

1←

H

S

T

SL

SL

1:1

1:1

Hg

Hg

G
+

1

H

Hg

S

T

SL

1:2

PD1

G
+

1

S

H

T
1:2

PD1

(a) α = 0.3 (b) α = 0.5

(c) α = 1 (d) α = 2

d
L

 /
λ

[1
0

  
  

]
−

2
d

L
 /

λ
[1

0
  

  
]

−
2

T T

Fig. 6.24. Enlarged bifurcation diagram of (6.3)–(6.5) near saddle-node-Hopf point
G+

1 for different values of the linewidth enhancement factor α. From S. Wieczorek
and W.W. Chow, Global view of nonlinear dynamics in coupled-cavity lasers-a bi-
furcation study, Opt. Comm., 246(4–6) (2005) 471–493 c© 2004 by Elsevier Science;
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The details near G+
1 are shown in Fig. 6.24. Close to α ≃ 0.5 a new curve

SL appears that connects to H at the two Hg points, and has a cusp near
(T, dL/λ) = (0.016, 0.4125) [Fig. 6.24(b)]. The torus curve T detaches from
G+

1 and attaches near the cusp of this new SL curve at 1:1 resonance [33,
Sec. 9.5.2]. At α = 1 [Fig. 6.24(b)] the extra SL curve is gone. The torus
curve T attaches again to G+

1 but ‘flips’ from above to below the curve S
[Fig. 6.24(c)–(d)]. As a consequence, starting at α ≃ 1 [Fig. 6.23(d)], the
two torus curves T emerging from G+

1 and G−
1 , and the attached period-

doubling curves PD1, start filling the gap between the two phase-locking
regions [Fig. 6.23(d)–(f)]. For clarity, only parts of the PD1 curves associated
with G+

1 and G−
1 are plotted in Fig. 6.23(b)–(f).



216 Sebastian M Wieczorek

6.2.5 Concluding Remarks on Coupled Lasers

The interesting dynamics of coupled-cavity lasers arises from two types of
nonlinearities: those imparted in the composite-mode properties by the optical
coupling (algebraic constraints), and those imparted in the active medium by
the population dynamics (differential equations). Their interplay results in a
rich display of chaotic oscillations when two conditions are met simultaneously.

(i) The composite-cavity-mode beat note must be close to resonant with the
characteristic (relaxation oscillation) frequency of the active medium, thus
strongly coupling laser fields and active media;

(ii) an appreciable spatial overlap between composite-cavity modes must be
present for a strong coupling of the lasing modes.

Continuation techniques allowed us to uncover a counter-intuitive example
of chaos in ultra-weakly coupled nonlinear-oscillators and to explain how this
unexpected dynamical picture arises with increasing linewidth enhancement
factor α. In particular, an uninterrupted and degenerate (bistable) phase-
locking region at α = 0 unfolds and develops a gap, which is gradually
occupied with instabilities and chaos for α 6= 0. The underlying mecha-
nism is a change in the competition between composite-cavity modes that
causes a change in the type of codimension-two saddle-node Hopf points via
a codimension-three cusp singularity on the Hopf bifurcation curve. Further-
more, several other codimension-two bifurcations, including strong resonances,
are identified as sources of instabilities and chaos in coupled-cavity lasers.
Many of the phenomena mentioned are interesting from a bifurcation theory
point of view and should be studied in more detail.

The dependence of the dynamics on the cavity length reveals effects due to
nonlinear optical coupling. With decreasing cavity length, the two conditions
that are necessary for the complicated dynamics to occur shift towards the
origin of the (T, dL/λ) parameter space. Consequently, for short cavities these
two conditions may be satisfied at ultra-low optical coupling (e.g. T < 10−5

for L ∼ 3λ), where lasers are generally expected to act independently. This
bifurcation analysis provided new insight into an overall understanding of
coupled-laser behavior.

6.3 Outlook

The field of nonlinear optical/laser systems is expanding in many new direc-
tions. Examples of new types of optical systems include nanoscale photonic-
crystal lasers [41], optical resonators with quantum coherence [55, 67], and
multimode quantum-dot lasers [49]. Owing to their nanoscale and quantum
coherence, these systems are expected to have strong optical nonlinearities
that are different from those found in conventional optical/laser systems. New
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nonlinear phenomena are waiting to be uncovered and, based on our experi-
ence so far, we believe that continuation techniques are the tool of choice.

The nonlinear analysis of these newly emerging optical systems faces math-
ematical challenges such as handling high-dimensional multimode systems,
ODEs with algebraic constraints, and multiple time scales. It is, therefore, an
easy prediction that the bifurcation analysis of newly emerging problems in
laser physics and photonics will continue to stimulate and contribute to the
further development of continuation techniques themselves.
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