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Introduction
Water companies (especially in the UK) have a
need for proper and accurate predictions of wa-
ter pipe bursts or blockages. In addition to the
fact that processes driving the occurrences of
pipe failures are complex and often unmeasur-
able, the available historical data is often scarce
and unreliable.

Engineering experience suggests that water
pipes may be regarded as repairable compo-
nents that deteriorate in time. Often, pipe fail-
ure data are expressed failure times within an
observation period, therefore a common mod-
elling approach is to assume that failures occur
as a stochastic process.

In particular, the non-homogenous Poisson pro-
cess (NHPP) is an appropriate model mainly
because its intensity function λ(t;x) varies with
time (and possibly other covariates) so the pro-
cess has a time-dependent failure rate.
Water pipes are buried underground and as
such, the mechanisms that give rise to the fail-
ures are influenced by all kinds of external pro-
cesses that are usually unobserved. A sudden
change in climate for instance may cause a pipe
to enter a state where it is failing more than
usual for a short period of time. In this work we
therefore propose use of hidden Markov models
(HMM) in conjunction with the NHPP in order
to capture situations where an underlying latent
process is affecting the state of a pipe.

Holding Times
In an HMM, the parameters of a model vary
according to the (discrete) states of an un-
observed Markov chain with transition matrix
P = {pij} and initial distribution πi where i, j ∈

{1, 2, . . . , S} the state space of the chain. Com-
bining this HMM with the NHPP results in an
NHPP-HMM failure rate which depends on the
state that the chain is in, i.e. λ(t, s;x). By do-
ing this, the resulting process that generates
the failures allows for both serial dependence
and overdispersion (MacDonald and Zucchini,
1997).

It can be shown that for a discrete Markov chain,
the length of time τ that a state i occupies is
implicitly distributed as:

hi(τ ) = (pii)
τ−1(1− pii)

In other words, the holding times are geometri-
cally distributed . As a result, the holding times
inherit the ‘memoryless’ property of the geo-
metric distribution i.e.:

Pr(τ > S + T |τ > T ) = Pr(τ > S)

This effectively means that while in a given
state, the behaviour of the Markov chain re-
mains unaffected by the length of time that has
passed. In the context of the NHPP however,
this consequence can be unattractive since the
failure rate which is driven by the chain does de-
pend on length of time that has passed poten-
tially limiting the flexibility of the NHPP-HMM.
Here we consider a hidden semi-Markov for-
mulation in which the distribution of the holding
times can be specified explicitly. We assume a
negative binomial distribution for hi(τ ).

Hidden semi-Markov NHPP
For the failure rate of the NHPP we assume a
power law formulation:

λ(t, s;x) = θst
θs−1 exp(βx)

where the shape parameter θs is state depen-
dent and β = (β0, β1, . . . , βq) are the parame-
ters of possible covariates x = (1, x1, . . . , xq)

Assuming that m failures occurred in (t0, tend] at
times t0 < t1 ≤ . . . ≤ tm ≤ tend, the likelihood of
the NHPP is

`(t0, t1, . . . , tend; s) =
m∏

k=1

λ(tk, s;x)e
−Λs(t0,tend)

where Λs(t0, tend) =
∫ tend
t0 λ(u, s;x)du.

Also consider a realisation of the semi-Markov
chain being observed in (t0, tend] which starts at
state s1 holding for a time τ1 then going to state
s2 holding for τ2 and so on until it reaches sN ,
the state held up to tend.

The joint likelihood of these two processes,
L(t0, t1, . . . , tend; τ1, . . . , τN , s1, . . . , sN), is:

πs1hs1(τ1)`(t ∈ τ1; s1)
N∏

j=2

psj−1sjhsj(τj)`(t ∈ τj; sj)

where t ∈ τj represents the failure times that
occurred in the interval τj.
However, in the NHPP-HSMM the chain is not
being observed therefore the likelihood of the
data (i.e. the failure times), L(t0, t1, . . . , tend), is
given by summing the above likelihood over all
possible states and holding times

∞∑

τ1=1

· · ·
∞∑

τN=1

S∑

s1=1

· · ·
S∑

sN=1

L(t0, t1, . . . , tend; τ1, . . . , τN , s1, . . . , sN )

The complexity of the likelihood as well as the
fact that in some cases it may be sensible to
consider some of the variables as random ef-
fects, favour the employment of MCMC as the
estimation mechanism.
The evaluation of L(t0, t1, . . . , tend) is pro-
hibitively computationally intensive for any
reasonable length of the observation period
(t0, tend]. Fortunately, one can employ the idea
of recursive algorithms used in the HMM liter-
ature (Rabiner, 1989) to efficiently evaluate the
likelihood.

Forward Algorithm
The idea behind forward recursion is to consider
a variable αT (j) sequentially at each discrete
time step T ∈ {1, . . . , tend − t0}, where:

αT (j) = Pr(t0, t1, . . . , T ; chain is in j)

i.e. the probability of the data up to time T and
the chain being in state j at T . One can then
compute αT (j) recursively:

α1(j) = π(j)hj(1)`(t ∈ (0, 1])

α2(j) = π(j)hj(2)`(t ∈ (0, 1, 2])+
S∑

i=1

α1(j)pijhi(1)`(t ∈ (t1, t2])

α3(j) = π(j)hj(3)`(t ∈ (0, 1, 2, 3]) + · · ·

etc.

The likelihood is then given by

L(t0, t1, . . . , tend) =
S∑

j=1

αtend(j)

Note that for the calculation of αtend(j), we use
the survival function instead of hj() itself, ef-
fectively accounting for right censoring since
we would not realistically expect the chain to
change state exactly at tend.
Once the likelihood is efficiently calculated,
Metropolis-Hastings can then be used (Scott,
2002) to estimate the parameters of λ(tk, s;x),
the transition matrix, the initial probability distri-
bution and the parameters of the specified hold-
ing times.
The proposed model is currently being applied
to a Canadian distribution network of water
pipes. This network consists of 1349 pipes with
5425 recorded failures in the period 1945-2003.
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