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In this paper, we use numerical simulations to demonstrate a new type of interaction of waves in a mathe-
matical model of "prey-predator” system with taxis, a “half-soliton” interaction, when of two colliding waves,
one annihilates and the other continues to propagate. We show that this effect depends on the “ages”, or, equiv-
alently, “widths’ of the colliding waves. In two spatial dimensions we demonstrate the type of interaction, i.e.
annihilation, quasi-soliton or half-soliton, depends not only on curvature and width of the colliding waves, but
also on the angle of the collision. When conditions of collision are varying in such a way that only a part of a
wave survive the collision, then “taxitons”, compact pieces of solitary waves, may form, which can exist for a

significant time.

PACS numbers: 87.10.+e

INTRODUCTION.

In this paper we continue the study of a system of two spatially distributed populations in a “predator-prey” relationship witl
each other, started in our previous works [1-3]. The spatial evolution is governed by three processes: positive taxis of predat
up the gradient of prey (pursuit) and negative taxis of prey down the gradient of predators (evasion), yielding nonlinear “cros
diffusion” terms, and random motion of both species (diffusion). The resulting mathematical model is a system of two parti

differential equations,

%—IZ = f(P,Z)+DV*P+h_V (PVZ),
oz )
T g(P,Z)+ DV*Z — hyV (ZVP), 1)

where P(r, t) is the density of the prey populatiof(r,¢) is the density of the predator population, the nonlinear functions

f(P,Z) and g(P, Z) describe local dynamics, including growth and interaction of the species, whereas the diffusion term:



describe their spread in space, e.g. resulting from individual random motions. The taxis terms are as in [4], /constdrg
coefficient of negative taxis dP on the gradient o (prey evading predators), aid. is the coefficient of positive taxis of
on the gradient of? (predators pursuing prey). For simplicity, the diffusion coefficiénis considered constant, uniform and
equal for both species. In this paper we consider problems in one spatial dimansiofy;), and in two spatial dimensions,
r = (z,y).

We consider the local kinetics functioli$P, Z) andg(P, Z), describing the population dynamics of prey (phytoplanktBn)
and predators (zooplanktor), in the Holling type Il form used by Truscott and Brindley [5]. In non-dimensional form these

are

f(P,Z) = BP(1—P)— ZP?/(P%*+1?),

g(P,Z) = ~vZP?/(P* +1?) —wZ. )

It is known that at appropriate choice of parameters, these kinetics demonstrate “excitable” behaviour, and the reaction-diffus

system (1) withh_ = h, = 0 has propagating solitary wave solutions [5, 6].

We have studied properties of population taxis waves in the mathematical model (1,2) for one dimensional [1, 2] and tw

dimensional [3] cases. In those works, we have shown that inclusion of the taxis terms can radically change the properties

propagating waves, compared to the much better studied waves in purely reaction-diffusion systems without taxis. We he

demonstrated that the very mechanism of propagation of waves in such systems is different. Here are some peculiar feature

taxis waves, described in [1, 2]:

¢ (a) Essentially different shape of the wave profiles. Po& — ct) profile, it could be either “single-hump” or “double-

hump” shape.

¢ (b) The dependence of the wave propagating velocity on the taxis coefficients has two distinct branches, “parabolic” al

“linear”. The transition from one branch to the other correlates with changes in the shape of the wave profiles: the parabo

branch of this graph correspond to a “double-hump” shape oPthe— ct) profile, and the linear branch corresponds to

a “single-hump” shape.

¢ (c) In the space of parameters of (1), there are large regions, where waves demonstrate quasi-soliton interaction: they

penetrate through each other, and also reflect from impermeable boundaries, see Fig. 1(a-c).

¢ (d) For some regions in the parameter space, taxis waves can spontaneously split, emitting “backward” propagating wav

This can be observed both in the case of soliton-like interaction (Fig. 1(a), solid triangles) and in the case of annihilatir
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waves (Fig. 1(a), hollow triangles). The backward emitted waves with time either decay, or split themselves. In the latte

case, the chain of splitting events can lead to self-supporting, aperiodic or approximately periodic activity.

¢ (e) The dependence of the propagation velocity on diffusion in this system differs from the square-root dependence, alwe

valid for reaction-diffusion waves, see Fig. 1(d).

Additionally, in two spatial dimensions, we observed [3]
o (f) Partial reflection of waves from boundaries, or their partial penetration through each other.
¢ (g) “Swollen tips”, i.e. circular wave sources, produced by free ends of broken waves.

¢ (h) Attachment of free ends of broken waves to the wavebacks.

In this paper, by numerical simulation of the system (1,2) we demonstrate a new type wave interactions, when of two collidir

waves, one annihilates and the other continues to propagate. For brevity, we call this behaviour “half-soliton”.

DETAILS OF THE MODEL AND NUMERICAL METHODS

We used “upwind” schemes to approximate the taxis tefms- a%u(:c, t)%. The idea of the “upwind” schemes is that
they use not the mean between values of the variables subject to taxis at two neighbouring grid nodes as in the central sche
but select one or the other depending on the direction of taxis, i.e. sign of the gradient of the attractant. For details of t
schemes we used, see our previous work [2]. As we have shown in [2], the implicit central scheme only works forx1),if
whereas our “upwind” schemes work for = 0 as well. We used time-implicit scheme with discretization steps- 0.1, and
dt = 5x 1073 for one-dimensional simulations, and time-explicit with discretization step&fer §y = 0.5 andét = 5x 1073
for two-dimensional calculations.

Unless specified otherwise, we have used the same parameters in (1) in our numerics, as we used in [2],=that is
v = 0.07, w = 0.004, and two different values of: v = 0.01, henceforth “smalk”, which allows propagation of purely
reaction-diffusion waves, i.e. with, = h_ = 0, D > 0; andy = 0.016, henceforth “largey”, for which purely reaction-
diffusion waves do not propagate, and taxis is required (see Fig. 1(&gptem (1,2) is non-dimensionalized, thus all
the variables and parameters are dimensionless.

In all numerics, we used non-flux boundary conditio%b:O,L =0 and%\x:O,L = 0 for one-dimensional problems,

ze[0,L],and2l|, o1, =0, 22|, o, =0 and%—ﬂy:“y =0, %—ibzo,Ly = 0 for two-dimensional problemg;, y) €
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FIG. 1: (a), (b), (c) Parametric regions corresponding to different regimes of taxis wavesl( w = 0.004). Solid circles: quasi-soliton
waves. Solid triangles: quasi-solitons with the wave splitting. Hollow circles: stably propagating waves annihilating on collision. Hollow
triangles: splitting waves annihilating on collision. Dots: no propagating wave solution. (d) Wave propagation velocity as function of the
square root of the diffusion coefficient. Solid line and the upper row of symhots:0.016, h— = 5, h4 = 1. Dotted line and the lower row:
v =0.01, h_ = hy = 1. In reaction-diffusion systems, this dependence is always a straighttilére and on other figures, all

parameters and variables are dimensionless.

[0, L;] x [0, Ly].



"HALF-SOLITON” WAVE INTERACTION IN ONE DIMENSIONAL CASE

Figure 2 illustrates spatio-temporal dynamics of population taxis waves in (1), including their formation, propagation an
reflection from boundaries. The waves were initiated, both for smalanel (a), and for large, panel (b), by setting initial
conditions forP(x,0) = 0.8 for z € [0,1] and P(z,0) for € (1, L] and Z(«,0) for = € [0, L] equal to their equilibrium
values.

The key observation for the present paper is that taxis waves establish their stationary structure and corresponding speed
after a rather long transient. Figure 3 illustrates variations of the propagation velociginels (a,c) and widthy’, panel (b,d),
of a wave during such transients, both before and after its reflection from the boundary. During the transient, the propagati
velocity distinctly decreases for a short interval of time (approximately betweer50 andt = 550), while the wave width
continues to monotonically approach its stationary value. This temporary decrease of the velocity correlates with a change
the shape of the wave profile. Figures 4 and 5 show the wave profiles corresponding to selected time moments, indicated
arrows on Fig. 3. We see that the temporary decrease of propagation velocity corresponds to the transition of the wave pro
from double-hump to single-hump shape. As mentioned earlier, in [2] we have shown that these two shapes correspond to
distinct branches on the graph of stationary propagation sgeau’ ., “parabolic” and “linear”. Figures 4 and 5 demonstrate
that the transition from one shape to the other happens during the transient, thus associated variations in the propagation vels
seen on Fig. 3. Besides, the change of shape itself causes apparent short-term change in the velocity due to the method c
measuring the velocity of the wave, as the velocity of the point with a particular valé tifis is the main reason with the
sharp local minima of the propagation velocity coinciding with the transitions from one wave shape to the other.

On the other hand, the type of interaction of stationary waves, i.e. reflection or annihilation (see Fig. 1), also correlates wi
the shape of the profiles of those waves [2]. Since the shape of the profiles changes in the long transient after the wave initiat
we decided to check if the waves at different stages of their “life” will show different type of interaction, corresponding to theit
current shape. This conjecture has been tested by numerical experiments, results of which are presented on Fig. 6. Periodic w
were initiated in a one-dimensional medium with non-flux boundaries. In addition to already known quasi-soliton reflection c
waves and their splitting, we have observed also a new type of interaction, where of two colliding waves only one survive
whereas the other decays. We call this “half-soliton” interaction.

For a detailed study of this half-soliton interaction, we simulated collisions of artificially prepared taxis waves of different

“ages”. We have recorded a wave in a large medium at chosen moments of its transient, hamély, 345, 461 and645; (all



(@)t € [0,1200] (b) t € [0,900]
FIG. 2: The spatio-temporal dynamics of the taxis wave formation, propagation and reflection from impermeable boundaries for system (1)
one dimensional case with = 250: (a)yy = 0.01, D = 0.04, h— = h4 = 1; (byy = 0.016, D = 0, h_ = 5, hy = 1. Black corresponds to

P =0.9, whitetoP = 0.
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FIG. 3: Variations of the propagation velocity (a,c) and wave width (b,d) during the transient, corresponding to Fig. 2: a1,
D =0.04, h- = hy =1,(c,d)y=0.016, D =0, h_ = 5,hy = 1. Width W (¢) is defined as the distance between the points on the front
and the back of the wave whef(z, t) = 0.4; propagation velocity/(z, t) is defined as the instant velocity of such point on the front, i.e.

whereP(z,t) = 0.4 andoP/0t(xz,t) > 0. Arrows designate the time moments, for which Figs. 4 and 5 show the wave profiles.

by 5 time units earlier than the moments shown on Fig. 4). Then we set up initial conditions, in which in one half of the mediur
we used a recorded wave of one age, suitably shifted alangs, and in the other half of the medium we used another recorded
wave. Of course, the wave in the right half of the medium was also inverted, so as to move towards the left wave. As the tir
from such artificial initial conditions to the collision was approximately 5 time units, the ages of waves at the very moment c
collision correspond to those shown on Fig. 4. So, we denote such wavedlagya$lsso, Waes andWss0o, according to their

ages.

Figure 7 describes interaction of wavd$,, and Wys6. The result is thaitlsgy has suppressed’sq¢. Similar events are
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FIG. 4: Variations of the wave profiles, corresponding to the selected time moments on Fig. 2(a) and Fig. 3(a,b).

ABCD

Al- AAA

BIA+ BB

CIAB + +

DIAB + +

TABLE I: Results of collisions fory = 0.01, D = 0.04, h— = hy = 1. Here ‘A denotesVs, ‘B’ is Wss0, ‘C’iS Waes, ‘D’ is Weso, result
of collision is shown on the intersection of corresponding row and column, letter denotes the surviving wave, ‘+' means both waves surviv

‘-’ means neither survives. Approximate ratios of widtis£ 0.4) are:\a/Ap = 5.3, A\g/Ap = 2, A\¢/Ap = 1.25.

shown on Fig. 8 WWa0o VS Wyee), Fig. 9 (W350 VS Wyes) and Fig. 10 Weso VS Wyee). Tables | and 1l summarize the results of
collisions of waves of various ages.

These results suggest that the half-soliton interaction takes place when the two colliding waves are essentially different
their widths. A thinner, older wave is less likely to penetrate through a younger, thicker wave. Note, that since the collidin

waves now are different from each other, we can distinguish “reflection” from “penetration” of the waves, and the most natur
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FIG. 5: Variations of the wave profiles, corresponding to the selected time moments on Fig. 2(b) and Fig. 3(c,d).
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TABLE II: Results of collisions fory = 0.016, D = 0, h— = 5, h4 = 1. Here ‘a’ iswsga, ‘b’ iS w140 , ‘C’ IS w160 , ‘d’ iS was0, COrresponding
to the selected moments indicated on Fig. 2, see also Fig. 3(c,d). Approximate ratios of Width8.¢) are: A\, /A\q = 2.8, \p/Aq = 1.4,

Ae/Aa = 1.14.

interpretation is that the waves penetrate though each other, if they do, rather than reflect.

HALF-SOLITONS IN TWO DIMENSIONS

In our previous work [3], we have described some typical two-dimensional regimes of propagation of taxis waves in (1,2

In particular, we have demonstrated that for parameters corresponding to quasi-soliton behaviour in one dimension, concer
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FIG. 6: The spatio-temporal dynamics of the taxis waves periodically initiated at the left end, with time’pesipecified under the density
plots. Independent variables rangds= 250, ¢ € [0,2000]. (a) and (b):y = 0.01, D = 0.04, h- = h4 = 1; (c) and (d):y = 0.016,

D=0,h_=5hy = 1.

waves can either penetrate/reflect on collision, or annihilate, depending on conditions, particularly on the curvature of the wav
The results of the previous section show, however, that another factor that can affect the result of collision, is the “age” state
the colliding waves.

Let us consider interaction of concentric taxis waves of different radia and different widths. As in one-dimensional collision:s
the initial conditions have been prepared from solitary one-dimensional pulses recorded at different stages of their transients
therefore having different widths. I, 4(x), Z14(z) is such a recording, shifted alongaxis so that the front is at = 0, then

initial conditions we used can be described as

P(z,y,0) = Pig (\/.’1?2 + 92— R) , Z(x,y,0) = Z14 (\/372 + 92— R) ,

whereR was the desired radius of the circular wave.

For parameters = 0.016, D = 0, h— = 5, hy = 1, we initiated a one-dimensional wave in the standard way described
above, and recorded it at timeés= 120 (as wavelV'), t = 150 (wave S) andt = 450 (wave U). These recorded waves
had widths, measured at levEl = 0.4, correspondinglyAyr = 9.2, Ag = 6.4 and\y = 5.1, so that\y, /Ay = 1.8 and
As/Au = 1.25.

Figure 11 shows interaction of twid waves with initial radiakR = 70. In this case, the waves both penetrate through each
other and reflect from the domain boundaries. Similar quasi-soliton interaction is observed on collisidranflaanS waves
with equal radiaR = 70, see Fig. 12. Interaction éf andWW waves with the same radia demonstrates a half-soliton behaviour,

when wavelV suppresse¥, but annihilates at the boundary.
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FIG. 7: Collision of W3 (from the left) andiVaes (from the right).

Collision of two S waves with initial radiak = 40, see Fig. 14, produces spatially localised waves, which we call “taxitons”
(panels d-f). These taxitons interact in half-soliton way with waves reflected from the boundaries (panels g,h).

There are also simulations showing both half-soliton and taxiton regimes at the same time. On Fig. 18, witvéitial
radius R = 70 collided with waveS with initial radius R = 40. The result was thaf-wave penetrated throughi in the
half-soliton way, and/-wave penetrated only partially, as a taxiton (panels c—e). This is followed by an even more complicatec
picture of different kinds of interactions, including tip-swelling as described in [3] (panels n,0).

The type of interaction (annihilation, quasi-soliton or half-soliton) depends not only on curvature and width of the colliding
waves, but also on the angle of collision. This explains formation of the taxitons, where only a part of a wave continues
propagate after collision, even though all parts of the wave are of the same age. The waves colliding head-on are more likely
penetrate than in a skewed collision, and so when the widths of the waves are close to their critical values allowing penetrati
only the part of the wave which is close to first collision site penetrates, whereas more distant parts annihilate.

Figures 16 and 17 illustrate collision at different angles in pure form. Initial conditions have been formed from the same 11
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FIG. 8: Collision of W35 (from the left) andiV,e6 (from the right).

waveU (old-age, well established), arranged in 2D in the form of two plane waves meeting each other at different angles, i.e.

P(z,y,0) = Pig (xcos(f) + ysin(d) — C), Z(x,y,0) = Z14 (x cos(f) + ysin(d) — C),

wheref andC' are constants, different for the left and the right halves of the medium.

In Fig. 16, angle between the fronts of the wave®0i%, and the waves annihilate. On Fig. 17, the angl&is and the waves
penetrate through each other. This proves directly that result of collision depends on the angle of incidence.

Conclusions. In our previous papers [1-3] we have described soliton-like behaviour and also spontaneous wave splitting
a class of waves that can exist in population dynamics models due to taxis of species to each other’s gradients. It was shown
properties of taxis waves are essentially different from those of solitary waves observed in excitable reaction-diffusion systen

In the present paper we have described new properties of such taxis waves:

¢ “Half-soliton interaction”, when only one of the colliding waves penetrates and the other annihilates. This is observe

both in one and in two spatial dimensions.

e “Taxitons”, i.e. compact pieces of solitary waves in two dimensions, that can form when only a part of a colliding wave
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FIG. 9: Collision of Wa4s6 (from the left) andiVaes (from the right).

can manage to penetrate through the collision.

We have demonstrated that half-soliton interaction depends on the width of the colliding waves, which can depend on th
history, and formation of taxitons depends on that too, and also on the angle of incidence between the colliding waves. T
dependence on the angle of incidence is apparently related to the dependence on the wave width, as in an oblique collision,
apparent width of the waves along the line of collision is larger.

So, the results of the present and previous works [1-3] demonstrate that population taxis waves have unique properties, ma
them different both from solitons in conservative systems [7], and from solitary waves in excitable reaction-diffusion syster
[8, 9]. A broader investigation of this new class of nonlinear waves is required, which is both interesting from mathematic:
viewpoint, and also motivated by recent experimental studies of chemotaxis in bacteria [10, 11], which demonstrated interest
results on propagation and interaction of population taxis waves, and also on self-organisation of population systems with ta
[12-22].

This study was supported in part by EPSRC grant GR/S08664/01 (UK) and RFBR grant 03-01-00673 (Russia).
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FIG. 10: Collision ofiWss5¢ (from the left) andi?,¢ (from the right).

(d) (e) ®
FIG. 11: Quasi-soliton interaction of twid-waves with initial radiak? = 70. Time interval between the panels is 20. Medium dizex L, =

150 x 100.
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FIG. 12: Quasi-soliton interaction ofla wave and arb wave with initial radiaR = 70. Time interval between the panels is 20. Domain size

L, x L, =150 x 100.

(d) (e) (f)

FIG. 13: Half-soliton interaction of & wave and dV wave with initial radiaR = 70. Time interval between the panels is 20. Domain size

L, x L, =150 x 100.
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@t =0 (b) t = 20 (©)t = 40

d)t =60

(@)t =120 (h)t =130 (i) t = 140

FIG. 14: Interaction of twab-waves with initial radius® = 40. Timing is shown under the panels. Domain sizex L, = 150 x 100.
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